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F all the Mathematical Sciences, The 

Doctrine of Fluxions is the moſt exten- 
ſive and ſublime. By this, many Difficul- 
ties, unſurmountable by any other known 
Method, are ſolved with uncommon Expe- 
dition, Elegance, and Eaſe. 


It is a General Way for determining the 
maxima and minima of Quantities; drawing 
Tangents to Curves, finding their Points of 
Inflection and Radu of Curvature: for ob- 
taining the Lengths of curve Lines, the 
Areas of curvilineal Spaces, the Surfaces and 
Solidities of concave and convex Bodies: &c. 
In a Word, It extends to the inveſtigating 
the moſt abſtruſe and difficult Problems in 
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vi The PREY ACE. 
the various Branches of mathematical and 
philoſophical Science. 


The Method of Fluxions was firſt invented 
in the Years 1665 and 1666, by that Prince 
of Mathematicians and Philoſophers the late 
Sir 1ſaac Newton, then Mr. Newton about 23 
Years old *. It was ſoon after communicat- 
ed to ſome of his Friends; but, he gave no 
publicSpecimens thereof until the appearance 


of his immortal Philoſophiæ Naturalis Prin- 


cipia Mathematica, printed in the Year 1687: 
The celebrated German therefore, Mr. God- 


Frey William Leibnitellto whom it was hinted 


in 1676, applied it in the Adta Eruditorum, 
printed at Leipſic in 1684, to a few Problems 
de Maximis et Minimis and Tangents to 
Curves, and claimed the Invention himſelf . 
Their Notations indeed are different; 
and, Quantities being by both, in Effect, 
conſidered as produced by continual Increaſe 
after the ſame manner as Space is deſcribed 


by 


— 


* He was Born December 25. 1642, Knighted in 1705, and 
Died March 20. 1726. 
+ See Raphſon's Hiſtory of Fluxioms, printed in the Year 
1715; or, the Commercium Epiſtolicum, publiſhed by Order ef 
the Royal Society in 1722; wherein, Sir Jaac is fully proved 
the Original Inventor of this noble and moſt delight ful 
Method. | 


e wad born at tet Jie June 23./646, and 
died Nov. IA. iy 16 
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by a Body in Motion; inſtead of the Velocity 
with which a Quantity varies or flows at any 
Point or Term of the Time in which it 1s 
ſuppoſed to be generated, called by Sir Iſaac 
a Fluxion, Leibnitz takes the Hicrement, or 
little Part generated in an indefinitely ſmall 
Portion of Time, and calls it a Differential &. 


Several excellent Treatiſes have been pub- 
liſhed on the Subject; but, as they appear 
not calculated to introduce the young and un- 
aſſiſted Beginner into this abſtruſe and diffi- 
cult Science, in order to his underſtanding 
them a plain and eaſy Introduction ſeems to 
be neceſſary; and for that End the follow- 
ing Sheets are chiefly deſigned. 


This Tract is divided into Hree Parts: 
the firſt treats of the Direct Method of Flu- 
xions; in which, from the generated Quan- 
tity or Fluent being given, we find the Fu- 
xion: and the ſecond of the Inverſe Method; 
wherein, from the Fluxion being known, 
we 


1 


* Leibnitz denotes the Differential of any variable quan- 
tity x by 4x: and Sir 1/aac, generally, for it's Fluxion writes 
x ; but in his Principia flowing quantities are expreſſed by tlie 
capital letters, A, B. &c. and their Fluxions or [ncrements by 
the correſponding {mall letters a, 6, &c. 


- 
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we find the Fluent *: the third contains 
miſcellaneous Queſtions with their incremen- 
tal and fluxional Solutions ; which could not, 
with propriety, be inſerted in the former 
Parts; and to ſome of which there was oc- 
caſion to refer. 


In this Third Edition + are many Addi- 
tions and Alterations. The Conſtructions are, 
in general, New . In a Word, It con- 
tains, perhaps, a variety of Things not to 
be found in any other Tract on the 
Subject. 


In order to a thorough underſtanding 
of this Introduction, it is requiſite that 
the Learner be well acquainted with Arith- 
metic, Algebra, Geometry, Plane-Trigo- 
nometry, Conic- Sections, and the Nature 
of Logaritbms. But, as geometrical and 
algebraical Treatiſes, in general, give not 


the Deſcriptions, and from thence the de- 
duction 


The Direct Method of Fluxions, as delivered by Leib- 


nitz, is, by Foreigners, called Calculus Diffzrentialis; and the 


Inverſe Method, Calculus Integralis. 


+ The Firſt Edition was printed in the Year 1751; and the 
Second, with Alterations and Additions, in 1757,—Cuts. 


+ Thoſe in art. 35, 39, 78, and 86, may be ſeen in other 
Books. 
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| duction of the Properties, of ſome Curves 
; to be found in the following Sheets; nor 
the Methods of reducing Quantities into 
Infinite Series, and of Noting their Power 
and Roots, neceſſary to be uſed in fuxi5zal 
| Tracts; therefore, theſe Deficiencies are here- 
1 in ſupplied, though they do not immediately 
| relate to the Buſineſs in Hand, 


Joun Rowe. 


Famary 8. 1767. 
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CHAP. I. 


Of the Principles of Fluxions, and of the 
New Notation in Algebra. 


1. TN this Doctrine, Quantities are ſup- 
I poſed to be generated by continual 


increaſe, after the manner of a Space 
which a body in motion deſcribes. 

Thus, a Line 1s ſuppoſed to be generated 
by a Point in motion, a Superficies by a 
Line, and a Solid by a Superficies. 

| B 2, Tux 
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2. Tux Velocity with which a Quantity 
flows, or is generated, at any particular point 
or term of it, is called the Fluxion of that 
Quantity at that point or term. 

Thus, if we ſuppoſe the indefinite right 


I. line A Z to move with a parallel mo- 


tion along the axis AX, or, ſo as always 
to be parallel to it's firſt ſituation ; and, at 
the ſame time, a point to move from A 
along the ſaid line AZ ſo as to generate 
or always to be in the curve AY: Then, 
the Velocity with which the end or point A 
of the line AZ arrives at any point C, or, 
which is the ſame, the Velocity with which 
the axis flows or 1s generated at any parti- 
cular point C, is called the Fluxion of the 
axis at that point; and the Velocity with 
which the point moves along the line A Z 
at any point B, that 1s, the Velocity with 
which the ordinate flows or increaſes at any 
point B, is called the Fluxion of the ordi- 
nate at that point ; alſo, the Velocity with 
which the point generates or moves along 
the curve at any point B, 1s called the 
Fluxion of the curve at that point ; hke- 
wiſe, theVelocity, or degree of quickneſs, with 
which the curvilineal ſpace A C B flows or 
is generated by the line A Z at any term 

| CB, 
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C B, is called the Fluxion of the ſaid curvi 
lineal ſpace at that term. 

3. Now, if the Velocity with which any 
quantity flows, or is generated, be at every 
point or term the ſame; that is, if it be nei- 
ther accelerated nor retarded; the Fluxion 
of it will likewiſe be at every point or term 
the ſame. But if this Velocity be continually 
increaſed or diminiſhed, then there will be a 
certain degree of Velocity, or Fluxion, pecu- 
liar to every point or term of the thing de- 
ſeribed: And the Velocity wherewith the 
ſaid velocity, at any point or term, 1s either 
accelerated or retarded, is called the Fluxion 
of the Fluxion, or the Second Fluxion. And, 
again, if this acceleration or retardation be 
not uniform, but is continually varying ; or 
the velocity with which the quantity flows 
does not uniformly increaſe or decreaſe; then, 
the Velocity, or degree of ſwiftneſs, with 
which this acceleration or retardation either 
increaſes or decreaſes, is called the Third 
Fluxion, And ſo on. 

4. Tux indefinitely ſmall Increaſe of a 
Quantity, generated in an indefinitely ſmall 
particle of time, is called the Increment of 
that Quantity, 

B 2 Thus, 


a 
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Fig. Thus, if we ſuppoſe 5c indefinitely 
3. near and parallel to the ordinate BC, and 
4+ Bu parallel to the abſciſs AC; then, Cc, or 


it's equal Bz, 1s called the Increment of the 
abſciſs AC; 16 the Increment of the ordi- 
nate CB; B56 the Increment of the curve 
AB; and CB the Increment of the 
curvilineal ſpace A C B. 

5. Now, if ed be ſuppoſed indefinitely 
near and parallel to bc, and br equal and 
parallel to BA or cd; then, the Difference 
between 15 and re is called the Increment of 
the Increment, or the Second Increment ; that 
is, the Increment of ub, or Second Increment 
of CB. And, again, if s f be ſuppoſed in- 
definitely near and parallel to ed, and ef 
equal and parallel to br or d/; then, the 
Difference between the Second Increment 
and that of re and 7s, is called the Third 
Increment of CB. And ſo on. 

6. Note. When a Quantity, inſtead of 
increaſing, is continually diminiſhed ; then, 
the indefinitely ſmall Particles by which it is 
leſſened, are not, properly, called Increments, 
but Decrements, And both Increments and 
Decrements are ſometimes called Moments. 


7. Now, 
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Now, if we ſuppoſe the abſciſs, A C, 
to flow on with an uniform motion, or 
equal parts of it to be generated or de- 
ſcribed in equal times; it's Increment will 
accurately expreſs or be exactly as it's 
Fluxion; ſince velocity is always expreſſed 
by, or is as the ſpace uniformly deſcribed in 
a given time: And therefore, if the Curve 
B 6 did exactly coincide with the Tangent or 
right line T BG, it is evident, that then, the 
Increments Bb and bn would likewiſe be 
deſcribed with uniform motions, and the 
ſame degrees of velocity with which the 
curve and ordinate reſpectively flow at the 
point B; that is, the Increments B& and n 
would then be accurately as the Fluxions of 
the curve and ordinate at the point B. But, 
ſince not two points of the Curve are coin- 
cident with the Tangent, and conſequently 
the velocities with which the Increments are 
generated are continually varying in every 
point; therefore,theIncrements and Fluxions 
are not in an exact proportion to each other ; 
or, the Increments do not accurately meaſure 
the Velocities or Fluxions with which they 
begin to be generated. However, as the 
point 5 is continually nearer to a coinci- 
dence with the Tangent GB the nearer it 


— 
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approaches the point of contact B; fo there- 
fore, if we conceive the ordinate c 3 to move 
back until it coincides with C B; then, the 
very firſt moment before it's coincidence, the 
curve Bb and right line BG will be infinitely 
or rather indefinitely near to a coincidence 
with each other; and conſequently, in that 
caſe, the Increments BVS and bn will come 
indefinitely near to meaſure the Fluxions of 
the curve and ordinate, or the Velocities 
with which they flow at the point B: Or, 
becauſe the particles of time in which any 
Increments are generated are ſuppoſed to be 
indefinitely ſmall, and conſequently, the ac- 
celeration or retardation of the Velocities 
with which they are generated muſt be ſo 
too; therefore, they are indefinitely near in 
proportion to the Fluxions of the quantities 
of which they are Increments: But, when 
Ratios, from that of Equality, are but inde- 
finitely little, or leſs than can be aſſigned, 
they may be conſidered as Equal F. Hence 
therefore, the Increments may be taken as 
proportional to, or for the Fluxjons in all 
operations; and, on the contrary, the Flux- 


ions for the Increments. 
8. Tuosx 


»» This was allowed by the ancient Geometriciaus, Euclid, 
Archimedes, fc. 
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8. Tuosx quantities which are ſuppoſed to 
flew, ot to be generated by continual in- 
creaſe, as the abſeiſs and ordinate of a 
curve, are called Fluents, and variable or 


flowing quantities: And thoſe which nei- 


ther increaſe nor decreaſe, or admit of no 
variation, as the parameter of a conic-ſec- 
tion and the diameter of a circle, are called 
fixed, given, and invariable quantities. 

9. Tur Beginning of the Alphabet, viz. 
a, ö, c, &c. is uſed to expreſs Invariable 
quantities; and the End of it, viz. 2, y, x, 
&c. Variable or Flowing quantities. 

10. Tre Fluxion of any variable quan- 
tity x, is denoted by x ; it's Second Fluxion, 
or the Fluxion of x, by &; it's Third Flux- 
ion, or the Fluxion of &, by &; and fo on. 
Alſo, the Moment Increment or Decre- 
ment of x, is denoted by x! ; it's Second Mo- 
ment Increment or Decrement, or the Mo- 
ment Increment or Decrement of *, by x., 
and fo on. 

11. Tux Fluxions and Moments of Inva- 
riable quantities, viz. of a, ö, c, &c. are evi- 
dently == O, 

12. Thosꝝ Fluents which are generated 
in the ſame time, or in equal times, or which 
begin together and end together, are called 


con- 


r 2 ——_-—_o_—_—_ 
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contemporary Fluents; and the Fluxions of 
theſe contemporary Fluents are called con- 
temporary Fluxions. Now, it is evident, if 
two or more of theſe contemporary Fluents 
are always equal, or in any invariable ratio 
to each other, that their contemporary Flux- 
ions will likewiſe be equal, or in the ſame 
proportion : And that, on the contrary, if 
two or more of theſe contemporary Fluxions 
are always equal, or in any invariable ratio 
to each other, their contemporary Fluents 
will likewiſe be equal, or in the ſame pro- 
portion. 


WE come now to find the Fluxions of 


Fluents, or the Velocities with which Flow- 


ing quantities increaſe or decreaſe at any 
points or terms aſſigned : the Bufineſs of 
which is called the Direct Method of Flux- 
ions. But, before we proceed, it may, per- 
haps, be Neceſſary to treat of what is called 


THE NEW METHOD oF NoTATION IN 
ALGEBRA *. 


13. In Surds, the Index ſhewing the 
Height of the Power to which any given 


quantity 


This was inventedeby the late celebrated Dr, Wallis, and 
firſt publiſhed in his Aritbmetica Infinirorum in the Year 1656, — 


Ae wag „. ov. 23.16 (6, and die OFF. 19 03. 


4a 8 i. 
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quantity is to be raiſed, is here placed as the 
Numerator of a Fraction, whoſe Denomina- 
tor is the radical ſign or Index ſhewing the 
Root to be extracted (le. 


Thus, / xt is expreſſed by x*, and ax 
by a T“. | | 1 


” . . 1 
Alſo, = is expreſſed by or x7, 
—_. - 85 + 


12K«k —— 
and - - F zoe au 8 
Now, in any geometrical progreſſion, 
whoſe firſt term is unity, or 1; if we take an 
arithmetical progreſſion, whoſe firſt term 
is o, and whoſe ſecond term, or common 

difference, is the Index of the quantity in 
the ſecond term of the geometrieal progreſ- 
fion ; then, the number in any term of the 
arithmetical progreſſion will be the Index. of 
the quantity in the correſponding term :of 
| geg. the 


This Fraction is called the Iadex of the Power, and the 
given _=m itſelf the Root of the Power. 

4 Fropriety of uſing negative Indices is evident; for, 
to divide any Power of x by x, is only to leſſen the Index of 
the Power by 1 ; or, to ſubtract the Index of the Deyominatag 

from that of the Numerator. Thus, — is =x*; — is=xt 

, x | x? 


& 16 — „0 * 5 Qi I . . 
or x; K is =x%=1; = is g , chat is, is 3&c. 
** OY = | f 4 


O 


— — 
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the geometrical progreſſion: And therefore, 
the arithmetical mean between the numbers 
in any two terms of the arithmetical pro- 
greſſion will be the Index of the geometrical 
mean between the quantities in the two cor- 
reſponding terms of the geometrical pro- 
greſſion. | 


1 
— 
- 


Thus, in the geometrical progreſſion 1.x*. 
3 2 

& *. & . #*.X*.x*, Cc. where the common 
multiplier is x*; if we take the arithmetical 
progreſſion 0. . 2— 3. Sc. wherein 
the common difference, or quantity added, is 
z the number in either term of the arithme- 
tical progreſſion is the Index of the quantity 
in the correſponding term of the geometri- 
cal progreſſion: And, the arithmetical mean 
between the numbers in any two terms of 
the arithmetical progreſſion is the Index of 
the geometrical mean between the quantities 
in the two correſponding terms of the geo- 


metrical progreſſion. For inſtance, 2 the 
4th term of the arith metical progreſſion, is 


the Index of &, the 4th term of the geo- 
metrical progreſſion: And, the arithmetical 


mean between — and 2, the 2d and 6th 
| terms 
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terms of the arithmetical progreſſion, which 
is 2, is the Index of the geometrical mean 


4 4 
between and x*, the ſame two terms of 


the geometrical progreſſion, which is x7, 
Or, in the deſcending geometrical pro- 


F 3-41-31 
greſſion, or ſeries, 1.2. — .. ——-—. Cc. 
re 
. —— — wane 3 — — 2 
that Is, 1. „„ „% £5. 2 


- 


Se. where the common diviſor is x - if we 
take the arithmetical progreſſion, or ſeries, 


— STO —2.— —3. Sc. wherein the 


2 2 

common difference, or quantity ſubtracted, 
is 23; the number in any term of the arith- 
metical ſeries, is the Index of the quantity 
in the correſponding term of the geometri- 
cal ſeries: thus, —3, the 4th term of the 


arithmetical ſeries, 1s the Index of x the 
ſame term of the geometrical ſeries. And, 
the arithmetical mean between any two 
terms of the arithmetical ſeries, 1s the Index 
of the geometrical mean between the ſame 
two terms of the geometrical ſeries : as, for 
inſtance, the arithmetical mean between 
— and —2;, the 2d and 6th terms of tbe 
arithmetical ſeries, which is —2, is the Index 

| C2 of 
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of the geometrical mean between Bog and 
* the 2d and 6th terms of the geometri- 


cal ſeries, which is K 

HENCE we may obſerve, that, in the In- 
dices of Powers, Addition has the effect of 
Multiplication on the reſpective Roots, and 
Multiplication of Involution ; and, e contra, 
Subtraction of Diviſion, and Diviſion of E- 
volution: or that, in a word, Indices of 
Powers are entirely Logarithmical with re- 
gard to their — 


4 2 — 
80 that, X is K ==x?, ig = 
& „ 2 
K α xs, — x x“, a7; is X 


x3 
—+ 1 


| men” "PIs 
= *; and x*xx is = x* = Xx", 
— — 


** is & — „ 2 19 = *. 1 


*: or, Univerſally, * x x" is = x*+*, x") 
| 1 ” 

is ere. = is = x, and 2 is & 5 

where note, » and 7 repreſent any affirma- 

tive or negative whole-numbers or fractions 

whatever *. | 

Ir 


nc | 4 1 r ä gan 4 
FR » © 8 * bo i; = _ — — — 
1 


* Thek Indefinite Indices were introduced by the great In- 
ventor of Fluxions, 


- 
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Ix what has been ſaid be duly conſidered, 
no difficulty in this New Notation will occur 
the knowledge of which is abſolutely neceſ- 
ſary, in order to the well underſtanding the 
following pages. 


8 — 


CS &F I 
Of finding the Fluxion of a given Fluent. 


Rurz I. 
14. To find the Fluxion of a Simple Fluent, 
or, of that wherein there is but One vas 
_ able letter or flowing quantity. 


Maxx the variable letter or flowing quan- 
tity with a dot over it: -and you will have 
the Fluxion required. 

Thus, the Fluxion of ax is — 4 x. 

For, if we ſuppoſe the variable rectangle , 


AB to be generated by the given line CB 's 


ſetting out from the ſituation AD and mov-" 
ing along with a parallel motion between the 
parallel and indefinite ſides AC and DB; it 
1s evident, the Velocity with which the rec- 
tangle flows is equal to the generating line 
CB drawn into the Velocity with which the 
pount C generates or moves along the line 

AC: 


Fig 


6. 
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AC: that is, the Fluxion of the rectangle 
AB is equal to the invariable line CB drawn 
into the Fluxion of the flowing or variable 
line AC. Therefore, if AD or CB = 4, 
and A C or DBS x; then, the Fluxion of 
the rectangle a x will be =axx S a. 


Route II. 
15. To find the Fluxion of the Product of 
two or more flowing quantities drawn 
into each other. | 


MvrT1eLy the Fluxion of each quantity 
ſeparately, by the other or the product of 
the reſt of the quantities: and the Sum 
of theſe products will be the Fluxion re- 
quired *, 

Thus, the Fluxion of xyis S , j; 
the Fluxion of & y ⁊ is =x32+xy5 2+ 
x32; and the Fluxion of vxyz is = vxyz 
UNT NE STS. 

1. That the Fluxion of x y is = 
4 x5, may thus be proved. Suppoſe 

| a 


— 
— 


The Common Methods of proving the truth of this Rule, 
which are by the aid of Increments, were ſmartly attacked 
the late acute Dr. Berkeley, Biſhop of Cleyne, in a Pamphlet 
called The Aualyſt, printed in the Year 1734: But, his Ob- 

jeQtions, it is preſumed, are by no means applicable to the de- 
monſtrations here given: On the contrary, it is not doubted, 
but the reaſoning here advanced will be allowed to be ſcienti- 
fic, fair and concluſive 
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a line, coincident with the indefinite right 
line AF, to move with a parallel motion 
along the indefinite right line A E perpendi- 
cular to AF; and at the ſame time, another, 
coincident with the line A E, to move with 
a parallel motion along the line AF; and 
that the ſaid two lines move with ſuch dif- 
ferent degrees of velocity as that their points 
of interſection be always in the curve AI. 
Through any point B in the curve, draw CH 
parallel to AF, and D G parallel to A E. 
Then, by the line moving along the line 
AE will the curvilineal ſpace AE and rec- 
tangle DE be generated ; and by the line 
moving along the line AF the curvilineal 
ſpace AFI and rectangle C F will be gene- 
rated. Now, before the line moving along 
the line AE arrives at the ſituation CH, it 
is evident, that, the curvilineal ſpace AEI 
will increaſe ſlower, or, flow with a leſs de- 
gree of velocity, than the rectangle DE, and 
afterwards faſter, or with a greater degree of 
velocity; therefore, at the term CB, they will 
flow or increaſe with one and the ſame de- 
gree of velocity : So likewiſe, the curvilineal 
ſpace AFI will flow or increaſe flower, or 
with a leſs degree of velocity, than the rec- 
tangle CF, before the generating line, mov- 


ing 
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ing along the line A F, comes to the ſitua- 
tion DG; and, afterwards, faſter, or with a 
greater degree of velocity; and therefore, at 
the term DB, they will increaſe or flow with 
an equal degree of velocity. That is, the 
Fluxion of the curvilineal fpace A E I is, at 
the term CB, equal to the Fluxion of the 
feftangle DE at the ſaid term CB; and, 
the Fluxion of the curvilineal ſpace AFI is, 
at the term D B, equal to the Fluxion of the 
rectangle C F at the ſame term DB. But, 
(art. 14.) the Fluxion of the rectangle D E, 
at the term C B, is equal to C B drawn into 
the Fluxion of AC; and the Fluxion of the 
tectangle C P, at the term DB, is equal to 
D B drawn into the Fluxion of AD. Hence 
therefore, the Fluxion of the flowing rec- 
tangle ACBD (or of the ſum of the two 
eurvilineal ſpaces A CB and ADB) is equal 
to CB drawn into the Fluxion of AC, 
added to DB drawn into the Fluxton of 
AD: that is, if we put AC or DB = x, 
and AD or CB=y, the Fluxion of the ree- 
tangle x y will be =%y + x7. 

29. And, that the Fluxion of xyz is = 
8 xy2+ x32, may thus be proved. 
Let the length, breadth, and depth, of a pa- 
rallelopipedon, be repreſented by x, y, and , 


18 
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reſpectively. Now, this parallelopipedon 
will be equal to three pyramids, whoſe baſes 
are xy, x2, and y x, and altitudes 2, y, and x, 
reſpeCtively* : and therefore, (art. 12.) the 
Sum of the Fluxions of theſe pyramids will 
be equal to the Fluxion of the parallelopi- 
pedon x y 2. Let either of the pyramids be Vie: 
repreſented by AE I or AC B, which ſup-**5* 
poſe to be generated by the variable plane th 
AF moving with a parallel motion along 
the indefinite right line AE; and, at the 
ſame time, let the parallelopipedon ADGE 
(whoſe face AD or E G is equal and ſimilar 
to the baſe of the pyramid at the term CB) 
be generated by the plane A D always coin- 
cident with the plane AF. Now, it is plain, 
that, the pyramid will increaſe ſlower, or 
flow with a leſs degree of velocity, than 
the parallelopipedon, before the generating 
planes arrive at the term CB, and after- 
wards, faſter, or with a greater degree of 
velocity; therefore, at the ſaid term C B, 
they will flow, or be generated, with the 
ſame or an equal degree of velocity : but, 
it 15 likewiſe plain, that, the velocity with 
which the parallelopipedon is generated, is 
equal to it's face AD or CB drawn into 

| the 


27 12, Corol, I. 


D 
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the velocity of it's motion along the line or 
ſide AE; therefore, the velocity with which 
the pyramid 1s generated, 1s, at the term 
CB, equal to it's baſe C B drawn into the 
velocity of it's motion, at the point C, along 
the fide AE: that is, the Fluxion of the py- 
ramid A C B is equal to it's baſe C B drawn 
into the Fluxion of it's altitude A C. Hence 
therefore, when the baſe is x y and altitude z, 


the Fluxion of the pyramid is S xy x 3 —= 
& y; and when the baſe is xz and alti- 
tude y, the Fluxion of it is * xa; 
and, laſtly, when the baſe is y z and altitude 
x, it's Fluxion is =y2xx=xy2. Con- 
ſequently, xy 3 + x39 z+ x y 2 (which is 
the Sum of the Fluxions of the three pyra- 
mids,) is = the Fluxion of the parallelopi- 
pedon x y 2. 
3%. And, hence, that the Fluxion of 
v y ⁊ =UVxy2+vxy2+vuxy2 + 
vx y 2, may be thus proved. Putxyz—u, 
then vx yZ— vu: therefore, (art. 12.) the 
Fluxion of 2 is the Fluxion of x y 2, and 
the Fluxion of v is = the Fluxion of 
v * y BJ; that is, u = xy2+xy2+xy2, 
and va + vi'= the Fluxion of vx yz. 
Wherefore, by reſtitution, or writing x Y 2 
for u, and zyS + x32 xy S for 4, we 
have 
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havevu + vi e vxyz+vxyZ+vwxyz. 
+ 0x33 = the Fluxion of vxy z. 

Hence, 

16. The Fluxion of xx is =xx+xx; 
the Fluxion of xxx is =xxx + xxx + 
xxx; the Fluxion of K X * iS N x x x + 
xxxx+xxxx+xxxx: that is, the Flu- 
xion of * is S 2 xx; the Fluxion of * 1s 
= 3x*x; the Fluxion of x+ 15 = 4x*x. And, 
if m repreſents any affirmative or poſitive 
whole-number, the Fluxionof x” will be = 
mx &. 

RVULE III. 
17. To find the Fluxion of a Fraction. 


Murriprr the Denominator into the 
- Flaxion of theNumerator; from the product 
of which, ſubtract the Numerator drawn 
into the Fluxion of the Denominator ; then, 
divide the Remainder by the Square of the 
Denominator : and you will have the Flu- 
xion of the Fraction required. 

Thus, the Fluxion of Z is = . 

| I y: 

For, put 2 = = then y 2 = x; and the 

Fluxion of this equation (art. 12 and 15.) is 


jz+y3=Xx; therefore, by tranſpoſition, 
D 2 72 
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92 = #—j2, and, by diviſion, 2 2 


that is, by reſtitytion, or writing 1 for zit's 


* 
X—j X 
equal, 2 = — — 2 — 2 = the Flus 
n 7 


. & 
xion of 2. 


Alſo, the Fluxion of 2 is 18 = 


n > 187 c 1 
xion of = 18 = _ * the Fluxion of 


Aa. 


1 — Y X*. x 4 3 

5 18s = _ . ; and the Fluxion of 
1 ; 3 > T1 F ; 
n . e 


19, Puts = = then x2 = 1, and the 


Fluxion of x 2 will be = the Fluxion of I, 
which (art. 11,) is—0; that is, (art. 15.) 
x3+x5=0: therefore, x 5 = — x 2, 
— * 2 


and & = *. or, by writing for 2 1 
1 : 3 © 
equal —, 3 = © = the Fluxion pt -5 
To £. oh PIT 4 | x 


29. Nerd. e 1; and 
FJ 


1 


16. 


- 
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16.) is 2 & +22xx=0: therefore, 2 * — 
: 2 —2ZXX J 

a G 


8 0  — x — 2K 
ting — for it's Value 2, 8 — — | 
| | K* * 5 x 3 


the Fluxion of == 


39. Put z =—; then, zx*— 1; and 


the Fluxion of this Equation (art. 11. 15. 
and 16.) is S & ＋ 3 Z & * oO: therefore, 


— 1 5 
S X*=—32Xx* x, and 2 = ge or, 
—}Xx* x 
by N oh, 5 for 2 it's value, 3 * 


8 —— — the Fluxion of 2 2 


4. Put 21 then, zx+=1 ; the Flu- 
* 


xion of which Equation (art. 1 1. 1 5. and 
16.) is S & ＋ 42 * =0: therefore 2 & 


3 * 4 
—42Xx* x, and 2 S — 2 that ĩs, by 


— 4 * x 
x* 


reſtitution, or writing aA) 2, S 
* 


== — the Fluxion of 11 
* ** & * 


Bur, 
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Bur, by the new Method of Notation in 
Algebra, (art. 13. * ü is , 


3 Se; 1S = — 

4 8 * 

. —_— 3 1S == — 
x? * 


e 
HE NOE, 

18. The Fluxion of & is - , the 
Fluxion of * is = — 2 , the Fluxion 
of K is = — 3 E, the Fluxion of . 
is = — 4 . And, if ꝝ repreſents any 
negative whole. number, the F luxion of — 
will be = M . „rag: 


. 
To find the Fluxion of an expreſſion 
"compounded of different terms or quan- 


tities connected Fogetiier by tHe signs — 
and —. 


Find. the Fluxion of wm term by the 
preceding Rules; which connect together 
by the Signs of the reſpective terms: and 
you will have the Fluxion required. 


Thus, the Pluxion of ax + x y is 
y 


S +Xxy „ = 


For, 
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For, put ax +xy—EZ=v; then, ax 
- 


+ xy—=v +2, Now, (art. 12.) it is evi- 
Jy 


dent, that, the Sum of the Fluxions of 4 x 
and x y muſt always be equal to the Sum of 


the Fluxions of v and ; that is, a * + xy 
bi 
+ XJ t ——— — . 3 by tranſ- 


mn 2 
the Fluxion fer, 


iin . 


20. To find the Fluxion of any Power of a 
given Fluent; whether the Index be in- 

tegral or fractional, affirmative or nega- 
tive. 


MULTIPLY the expreſſion by the Index of 
the Power; then, ſubtract 1 from the ſaid 
Index, and multiply the reſulting expreſſion 
by the Fluxion of the given Fluent, or of 
the Root of the Power: and you will have 
the Fluxion required. 

Thus, the Fluxion of * : ** iS 3X 
x + PX KT 2x x=x + x*} Xx 3x xx; 


the 


— 
__ a” - 


— N - _ 
_ —— — * — a _ y 
- — * - — — 
* — — —— Mn * — yy Pa Bs 2 
+ - 7 - —_—_— \ 
: — - 4 —̃ * | ' — — - — 
— gy —— — — — > — 9 — Pr * - . — — = A = = 
x - - — « — — — _ 
* —ꝓ— — 8 oe — : _ . . 1 2 — = 
N - * =_ — — — — — 2 —— 5 — = 
2 — — 4 — = . _ x — 2 = — + on — — — a __ — —— = . — - — l — 
— _- — — = — 4 - r * e 9 2 
— a : » ts * — wh, y LS _—_ FI — 3 TIDE TY i a 
$2 F, 4 — — , — pot — — S — — — — ng * : __ 
b 4 p = * . — BW 2 Prey * . * 2 
Pn po . — 5 CIR 
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- — 


my NS . 
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— nn 
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— — 8 4 < - 2 4 * 7 
— L — * & 2 * 
2 — — — Wn. ——— 2 — — 8 


- 
—_— hg 
— - — 


— — 


SER 


—— 


— 
+ —̃̃ — —— 
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— 
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the Fluxion of 2ax—x*|* is = 2 x 
| 2 


— — 2 
2 Ax — Xx*|* 


— 


f X 24X—2XXxX = 24&ͤK — K 


X = (becauſe, art. 13. Za = N 


Wa nn LS 4 GX —XX ; the Flu- 


2ax N 24 x — K 


xion of a ＋ KT is - 2 X 4 3 


Xx * = a+ = x? X — 2 * = =_— the 
2 K* 


F bon of x * 15 = WI. eee wt Abe 


. 2 L * 
XX — XX — 4 3 X X 2 0 X———X 
'S as 3 


= — - — „. And, Univerſally, the 
3 XX a, , 


p 4 m 
Fluxion of x = 18 = — 
1 


2 . 
Ex: Fr A; where, note, either 
7 7 
mor n, or both m and n, may be either in- 


tegral or fractional, affirmative or negative; 


and conſequently, the Index — expreſſes, 
N 


or repreſents, any affirmative or negative 


whole-number or fraction whatſoever. For, 


by art. 16 and 18, if » repreſents any affir- 
mative 


* 


e 
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mative or negative whole-number, the Flu- 


xion of x" will be = m x x; and there- 


fore, if we ſuppoſe y = x7, or, which is the 


ſame, * , and » to be any affirmative 


or negative whole-number likewiſe, by art. 
12. the Fluxion of y will be = the Fluxion 
of **; that is, ny"'5 =mex""x; which 
M—1 x 


equation divided by ny" makes = 
that is, by writing x for J it's value, y —= 
RS om. ea x _ 


= — & e 
1 — 1 7 — 72 
N | & * 


—Z „ „ x = the Fluxion of x: and that 
7 


either m or u, or both and 7, may repre- 
ſent any fractions as well as whole-numbers, 


. + Mm . 
is plain, ſince - repreſents the quotient of 


any whole-number divided by another, and 
may be taken for a New or n; and ſo on 
ad infinitum : therefore, Univerſally, &c. 


Ru LE VI. 
21. To find the Fluxion of a Logarithm. 


Tur Fluxion of the Hyperbolic Loga- 
rithm of any quantity, is equal to the Flu- 
E xion 
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xion of that quantity, divided by the quan- 
tity itſelf. 
Thus, the Fluxion of the Hyp. Log. of x 


is ==. (See Part 3. Queſt, 8.) 
x 


Now, as the Hyp. Log. of 10 (via. 
2.30258 &c, See Part 3. Queſt. g.) is to the 
Common Log. of 10 (v2. 1.) ſo is the Hyp. 
Log. of any number, x, to the Common 
Log. of the ſame number, x ; that 1s, 1f we 
put L 2:30258 Cc. as L: 1: : Hyp. Log. 
of x : Common Log. of x. Therefore, (art. 
12.) L: 1 : : Fluxion of the Hyp. Log. of K 
Fluxion of the Common Log. of x. 

x 


Hexce, L: 1::— : = =theFluxion of 
*. le 


the Common Log. of x ; or, becauſe 15 = 


0.43429 Cc. if we put- — M, then the 
Fluxion of the Common Log. of x (v2. — 
* 


will be — * M; that is, the Fluxion of 
4 


the Hyp. Log. of any number multiplied by 
(Mor) 0.43429 &c, is = the Fluxion of 
the Common Log. of the ſaid Number. 


Scho- 
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22. Tyovcn hitherto we have ſuppoſed 
when one variable quantity in a Fluential * 
Expreſſion increaſes, that, the others, if any, 
increaſe likewiſe : yet, it often happens, that 
ſome of them decreaſe while the others in- 
creaſe; in which caſe, the Fluxions of the 
decreaſing are negative with reſpect to thoſe 
of the increaſing quantities: and therefore, 
the Signs of the terms affected with them 
ought to be changed. 

Thus, if whilſt x increaſes y decreaſes, the 
Fluxion of the rectangle xy will be expreſſed 


by x y —xy. 


For, let the flowing or variable rectangle Fig. 
A B be continually increaſing by the paral- 8. 


lel motion of the variable line CB moving 
from the ſituation A F along the line AE; 
and be continually diminiſhing by the mo- 
tion of the variable line D B, parallel to the 
line AE, and approaching towards it along 
the line FA; that is, let the fide AC — 
DB continually increaſe whilſt the Side AD 
— CB continually decreaſes. Now, put- 
ting AC=x, and AD = y, it follows 

from 


— * 9 bi... = 0 


By a Fluential Expreſſion is meant that which contains 
one, two, or more variable quantities. 


E 2 


— — 
— 
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from art. 15. dem. 19, that the Fluxion of 
the Increaſe will be = x y, and that the 
Fluxion of the Decreaſe will be = xy: 
therefore, the Fluxion of the Decreaſe ſub- 
tracted from the Fluxion of the Increaſe, 
leaves the Fluxion of the reQtangle x. y or 
the Velocity with which it flows S* y 
— XY. | 

Ir what has been ſaid be well underſtood, 
it is hoped. the Learner will meet with few 
difficulties in the Application thereof; to 
which we now proceed, 


C H A P. III. 
Of araw ing Tangents to Curves. 


23. A Tangent is a right line which coin- 
cides with a Ce in a point, and there 
ſhews it's Direction, that is, the Inclination 
it bears to the Axis or the Angle it makes 
with the Ordinate. 

Thus, if the right line T B coincides with 
the Curve AY at any Point B. the ſaid line 


10. is a Tangent to it at that Point: and, be- 


cauſe no two lines can coincide unlets they 
have the ſame direction, therefore, the di- 
rection 


r 


E ˙²˙¹⁴ —̃ ⁰ 3 — oe be 
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rection of the Tangent is properly the direc- 
tion of the Curve at the point of contact. 

Now, in general, what 1s requiſite in or- 
der to draw the Tangent to any point B, 1s 
to find the right line CT, called the Sub- 
tangent; or, the diſtance of the point T 
from the ordinate C B through which the 
Tangent muſt paſs. And to effect this, 

24. Let c b be ſuppoſed parallel to the or- 
dinate C B, and B n equal and parallel to Cc: 
then, if the line c be removed towards CB, 
in a parallel motion, until it coincides with 
it; the moment before it's coincidence, the 
triangle B will be in it's evaneſcent State; 
or, which is the ſame thing, if the ſaid two 
lines be ſeparated from their coincidence, 
the very firſt moment of their ſeparation 
produces the ſaid triangle in it's naſcent 
ſtate; and in that moment, the line 26, 
terminated by the line B at one end and by 
the curve at the other, comes indefinitely 
near to touch the Tangent T B produced: 
conſequently the triangles n B and BCT 
come then indefinitely near to ſimilarity, and 


may be conſidered as ſimilar: wherefore, by 


4E.6.bn:nB::BC:CT; that is, 
(putting the abſciſs AC — x, the ordinate 
C B =, 4 L and bn =) 


* 
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* : CT; or, (art. 7.) : 


x 25: Z Cr. 


Or, Suppoſe the indefinite right line A Z 
to move with a parallel and uniform motion 
along the axis AX; and, at the ſame time, 
a point to move from A along the ſaid line 
AZ with ſuch velocity as always to be in the 
curve AY: then, when the line A Z comes 
to the ſituation C B, if the point moving 
along thereon were to continue on with an 
uniform motion, and the ſame degree of 
velocity with which it arrives at B, it is evi- 
dent it would move along the Tangent T B 
produced ; and therefore, when the point A 
or C arrives at c, the point moving along 
the line AZ would arrive at 2: and, be- 
cauſe velocity 1s always as the ſpace uni- 
formly deſcribed in a given time, thereſore 
Cc or Bu will be as the velocity with which 
the point A moves along the axis, 7 m as 
the velocity with which the point moves 
from B along the line AZ, and Bm as the 
velocity with which the point deſcribes the 
curve at B or moves from B to ; that is, 
Cc or B will be as the Fluxion of the 
abſciſs A C, m as the Fluxion of the ordi- 


nate 


lf 
" 
8 
n 
* 
* ** 
77 
» "Y 
# * 
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nate CB, and Bm as the Fluxion of the 
curve at the point B: but the triangles 
nn B and BCT are ſimilar ; therefore, by 
4E.6.mn:nB::BC:CT; that is, the 
Fluxion of the ordinate : the Fluxion of 
the abſciſs : : the ordinate : the ſvbtangent ; 
or, (putting the abſciſs AC = x, and the 


ordinate CB = ,) J: * ::: ACT; 
J 
as before. 
25. Now, = is a General Expreſſion for 


the Subtangent of every curve whoſe abſciſs 
is x and ordinate y; but, as it is embaraſſed 
with the Fluxions of x and y, ſo the whole 
Buſineſs 1s to exterminate them : and to do 
this, put the Equation of the curve into 
Fluxions ; from which, or from other pro- 
perties of the curve, find the value of x in 
terms that are all affected with 5, or, of y 
in terms that are all affected with x; then, 
if for x or / we ſubſtitute it's value thus 


found, in this general expreſſion, viz. J, 


b 
we ſhall have the Subtangent C T in known 


terms, or free from Fluxions ; by which the 
ſought Tangent T B, to a given point in 
the curve, may be eaſily drawn. 

26. 
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26. Nite. When the Fluxions of » and y, 
or of the abſciſs and ordinate, are Negative 
to each other, that is, when x increaſes if y 
decreaſes ; or vice verſa; then, the General 


Expreſſion (<2) for the Subtangent will be 
9 
— 2; wherein, the Negative ſign only ſig- 
" Hm | 
nikes, that, the ſubtangent lies on the other 
fide of the ordinate with regard to the ab- 
ſciſs x. But, in finding the Fluxion of the 
Equation of the curve, the Fluxions of x 
and y muſt not be conſidered as Negative to 
each other, if you would have the ſought 
expreſſion for the ſubtangent come out Af 


firmative. 


* Ex AMP L E I. 


27. To draw a Tangent to a Circle *. 


Put the radius E A or ED — 9, abſciſs 
AC D x, and ordinate CB — y; then, CD 
=24—x Now, by 35 E. 3. ACx CD 
SCB“, that is, 24x —x* = ; and this 
equation put into Fluxions is 2 2* — 2 x x 
= 25); which divided by 2 a—2 x, makes 


* = 


WY 


* By the word Circle, is generally meant the Space bounded 
by a Curve every-where equidiſtant from a fixed point; but 
ſometimes the Curve itſelt. (See Sir [aac Newton's Arit b. 
metica Uni verſalis.) 


* 
af 
7 
1 4 
. 
* 
+ 
2 
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* = ==; which ſubſtituted for x in the 
general expreſſion for the Subtangent, (v/z, 


4 art. 25.) makes the Subtangent CT 
* 


— (which, by writing 2 ax— x* for it's 

— 

above value; viz. y*; is) = 24 X—X_ 
Sam 


CB: 


Fe Wherefore, if the diſtance ſignified 


by this expreſſion be ſet off from the point 
C, in the diameter DA produced, we ſhall 
have the point T through which the Tangent 
to the point B muſt pals, | 


Conſtruction. 


Through the point B deſcribe the ſemi- 
circle EB T: then will T be the point from 
which the Tangent to the point B is to be 
drawn. For, by 31 E. 3. the angle EBT 
will be right; and therefore, by 8 E. 6. the 
triangles ECB and BCT will be ſimilar, 


and by 4 E. 6. EC:CB::BC: CT; * 


CT 8 
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* 


EXAMPLE II. 


Fig. 28. To draw a Tangent to a Parabola. 


12. 


Suppoſe F to be the focus; and PR the 
parameter, which put = a; alfo, put the 
abſciſs AC = x, and ordinate CB—=y. Now, 
by a well known property of the curve, 
PRxAC=CB:, that is, ax ; the 
Fluxion of which equation is ax =2 9); 
therefore, 2 — which ſubſtituted for 
x, makes the general expreſſion for the Sub- 
tangent CT (viz. =Z art. 25.) = 2 
| 7 

2 4 * 


(by ſubſtituting a x for y* it's value,) 


* x. 80 that, the Subtangent CT is 
double the abſciſs AC; and conſequently, 
AT is SAC. 


EXAMPLE III. 


Fig. 29. To draw a Tangent to an Ellipſis. 


13. 


Put the tranſverſe diameter AD S a, con- 
jugate NO — 6, abſciſs AC—x, and or- 
dinate CB y. Now, by a well known 
property of the curve, AD* : NO*:: AC 


2vCD:CB:; that is, : b.: : X Xx A: 
; | þ* 


a* 
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„= =; the Fluxion of which 
4 | 


. . þ a. — 7 . 
equation is nn = 25%; and 


this divided by r x a =, gives & = 


2 a*yy : . . » # xy 
. which ſubſtituted for x in 


b 
(the general expreſſion for the Subtangent, 
art. 25.) makes the Subtangent CT = 
2 a * y* 


OE þ 
77 (by writing — x ax—x 


fr ee mn E2fe main 


. Whence we may obſerve, that, 


== 
24 Xx — 2 x* 
24 — 2 K | 
8 2 
AThtoCT-—- Chim IEITog 


a—2x 
= that Part of the Subtangent 


ax 
a— 2X 
which falls without the curve. 


— 


Conſtruction. 


Make CV = CA; erect the perpendicu- 
lar Ar, terminated by a right line drawn 
from E through v; laſtly, make AT = Ar: 
then will T be the point from which the 
Tangent to the Point B muſt be drawn. 

F 2 For, 
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For, by 4 E. 6. EC: Co:: EA: Ar, that 


ax 
=— AT. 
42 — 2K 


is, -&: K : 1 4: 


ExAMPLE IV. 


Pig. zo. To draw a Tangent to an Hyperbola. 


Put the tranſverſe diameter DA a, 
conjugate NO — 6, abſciſs AC — x, and 
ordinate CB — y. Now, by a well known 
property of the curve, DA*:NO*:;:DC 
* AC: CB, that is, a*; 61: : 4 ＋ xXx & 


2 * ax+x* =y* ; and, by putting both 


ſides of this equation of the curve into Flu- 


xions, we ſhall have 5 * 4 2 * 2%; 
a* 5 BOY 


therefore, by diviſion, & = 1 - 3755 


which multiplied by 3, or, which is the 
ſame, ſubſtituted for x in 5 (the general 


expreſſion for the Subtangent, art. 25.) 


e NEE 
makes the Subtangent C T = r 


(Which, by writing for 5“ it's equal - X 


a x + x* 
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8x + x", 1) = a So that, 


2ax+2x* ax 


Conſtruction. 


Make CV = CA; erect the perpendicular 
Ar, terminated by the right line Ev; laſtly, 
make AT = Ar: then will T be the point 
from which the Tangent to the point B muſt 
be drawn. For, by 4E. 6. EC: C:: EA: 


1 a * 

t 24 K 2 42224062 — = 
Ar, that is, ja + x: . 
AT. 


SCHOLIUM. 


31. FROM the three foregoing Examples, 
it may be obſerved, that, in the Parabola (fig. 
12.) the internal part of the Subtangent, viz. 
the abſciſs AC, is always equal to the exter- 
nal part AT: In the Eliipſis (fg. 13.) the 
internal part A C is always /eſs than the ex- 
ternal part AT: And, that, in the Hyper- 
bola (fig. 14.) the internal part A C is always 
greater than the external part A T. 
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EXAMPLE V. 


Fig. 32. To draw a Tangent to an Hyperbola be- 
f 4 tween it's A ſymptotes; that is, taking 
one of it's Aſymptotes for an Axis. 


Let EZ and E T be the aſymptotes of 
the hyperbola YAB, whoſe vertex 1s A; 
draw AP and BC parallel to the aſymptote 
EZ; then will P be the parameter and ? 
equal to PE, which put 2 4; EC an ab- 
ſcils, which put = x; and CB an ordinate, 
which put =y. Now, becauſe when x in- 
creaſes y decreaſes; therefore x and y are 
negative to each other, and the general ex- 


preſſion for the Subtangent is — 75 where 


the negative ſign ſnews, that, the point T 
hes on the other ſide of the ordinate C B 
with regard to E, (art. 26.). By the well 
known property of the curve, EC: EP:: 


PA: CB, that is, K: 4: : 4: x == 
* 
the Fluxion of which equation 15 æ = wy 


= 2 3 


— 


and this value of * being ſubſtituted for it 
in the above general expreſſion for the Sub- 
tangent, 
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tangent, VIZ: 2 7 makes the Subtangent 
c r. .. — (by writing æ for it's 
8 
equal 4 ST x. that, C T muſt be 
9 | 
= CE. 


Ex AMP LE VI. 


33. To draw a Tangent to the Conchoid of Pig. 
a Nicomedes *. 16. 


Let fall the perpendicular B H on the 
aſymptote EZ, and draw BC equal and pa- 
rallel to HE. Put PE —=a, EAD FB, 
ECS xXx HB, and CBS y = EH. Now, 
by 47 E. 1. FB. — BH, HF, that is, 
A= HF; and, becauſe the triangles 
PCB and BHP are ſimilar, by 4 E. 6. 
BH: HF: : PC: C B. that is, * HG. = 

| a + x L ; 
220+; = K x; which 


18 


* This Curve is thus generated. —Prom a fixed Point P, 
which is called the Pole of the Conchoid, let a number of 
right lines PA, PB, PD, &c. be drawn, cutting the right line 
EZ, which is an aſymptote to the Curve; and let the diſ- 
tances E A, FB, GD, &c. be made equal to each other, and 
a line be drawn through the points A, B, D, &c. then will 
this line be a curve, called by it's Inventor Nicomedes a 
Conc hoid. | 
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is the equation of the curve; the Fluxion of 


which is ) = = =D 22 55 


ſubſtituted for y, in — nt 4 the general ex- 
J 


preſſion for theSubtangent when x and y are 
negative to each other, (art. 26.) makes the 


TT 
by ſubſtituting for y it's equal in the above 
abxxbt—x* XXx* 


ab*x+x* 


Subtangent CT = / 


equation of the curve, is) = 


Ha” XXX 45 
e 


Conſtruction. 


Make Bu = PC, draw nr parallel to CP, 
make Fv = nr, draw the right line vC, pa- 
rallel to which draw BT : then will BT be 
a Tangent to the point B. For, by 4 E. 6, 
PC: CB:: PE: EF, that is a+x:y::a: 

. 


4 ＋ x 
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EF; and BC: CP: : BN: ur, that 
a 
Fa 


= q - — — —— 
. 
— a — — 
— — 
— 9 
- 3 * — 
2 — — b Y — 
— — 
— 2 x 
= o 


p is, 9 5 e . — = Fo 1 1 
g "0 — (EF FV = = N j 
4 © E v ( —P U ) . y | 


3 Again, vE: EC:: BC: CT, that is, * 
4 a 


— * — — = 
8 — — 
*» * & * a. ot 
— — 
— —— —— — 
— a 


D 
<= |+ 
R 
» 
D 
|S 
SH 
N 
297 
1 
2 
— 
(ws 
— 
Sw. 
— — —— 


— — 
— 


by the equation of the curve, y* — 


* 


L * 
5. -t; which ſubſtituted for y*, makes CT 
ax Xx b*x—x* 


_ cb. x 


_ 9 — —— 
— 
— 4 
—_ A — . 


0 
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34. To draw a Tangent to the Ciſoid of „g. 


Diocles x. 17. 


Let ABD be the Ciſſoid, whoſe generating 
ſemicircle is AFE, and aſymptote EZ an in- 


definite 
* This Curve is thus generated. —In the ſemicircle AF E, 
make any two arches Ea and Ac, or E“ and Ad, equal to 
one another; and through the points a, 6, d. c, let right lines 
be drawn perpendicular to the diameter A E, and tranſverſe 
lines from the point A; then, from A, throuph the points of 
interſection O, B, D, &c. draw a line A © BD &c. and it 
will be a Curve, called by it's Inventor Diocles a Ci did. 


G 
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definite right line perpendicular to the dia- 
meter AE. Put the diameter AE = a, ab- 
ſciſs AC = x, ordinate CB y. Now, be- 
cauſe by the generation of the curve, the 
arches Eb and Ad are equal, therefore 55 — 
dC, and bE = CA; and, becauſe the tri- 
angles A and BCA are alike, therefore, by 
4E.6. Ah: H:: AC: CB; but, by 13 E. 6. 
Ah: :: %: BE; . 6b: E:: AC: CB; 
that is, dC: CA:: AC: CB; or (becauſe 
CE= @a—x, and by 35 E. 3. Cd ACX CEN 
. ae: :: i 


* a e; the ſquare of which equation 
divided by x, is x* =ay*—xy* ; which is the 
equation of the curve; and the Fluxion of 
this equation is 3x*x = 2ayy—xy*—2xyy; 
therefore, by tranſpoſition and diviſion, & 


= — „which ſubſtituted for x, makes 
x ha ; 

the Subtangent CT (= 7 art. 25.) = 

20y* —2%y = (by writing for y* it's equal 
7 0 y g for) q 


)) ———. Whence we may obſerve, 
A—X Ja—2X 


that, AT, the Difference between the abſciſs 


AC and ſubtangent TC, is. 
= | 34—2X 


Con- 
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fl | Conſtruction. 

Biſect the radius E in g, and the abſciſs 
AC in /; dra the perpendicular Ar equal 
to z; make 77 A; and on the point 2 
| erect the perpendicular nv, terminated by 
the right line er; laſtly, draw vT equal and 
parallel to A: then will T be the point 
from which the Tangent to the point B muſt 
be drawn. For, rn — Af == 3x, and TA 
Ag — Af ia - zx; and by 4 E.6.7A: 
Ae: : rn: nv or AT; that is, + @—<x: 


| ax 
L033 £862 nnemmn men WHY: BY Woe 
34 — 2 


EXAMPLE VIII. 


35. To draw a T, angent to the Cyclo 11% * 


18. 
Put OA the radius of the generating circle 


— a, abſciſs AC = x, ordinate CB—y, CG 

| =5, and the arch AG ==. Now, by the 
nature of the curve, CB CG arch GA; 
that is, y=5+2; (for, when the ſemicircle 
AGF 

& * This Curve is thus generated. —Let a circle roll along 


upon a right line until it performs one revolution, that is, un- 
til it meaſures out a right line equal to it's circumference ; 
then, that point in the circle which firſt touched the right line 
will deſcribe the curve called a Cycloid; which curve, it is 
ſuppoſed, was firſt invented by Cardinal Cy/anus ; whoſe works, 
in which this figure is found, were tranſcribed by 7. Scobſaut 


jn the year 1451. Me (Hcral nd de Cuga) was bow 


in. 1401, inade Candida of Rome in (448 , and 
died in 1464 7. 3 
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- AGF, generating the ſemicycloid ABD, is in 
the poſition BRK, the arch BR or GF muſt 
evidently be equal to RD, and the arch RK 
or BM or GA be equal to RF or 7C; but 
CG is B, and therefore Ct GB: con- 
ſequently, arch GA = GB; and therefore, 
&c.) and the Fluxion of this equation of the 
curve is) =++ 2, Let cg be ſuppoſed in- 
definitely near and parallel to CG, and GN 
equal and parallel to Cc; that is, let Gg“, 
gu =, and G Cc x“: then, ſuppoſing 
Gg to be a little right line perpendicular to 


the radius GO, the angles gGn and OGC 


will be equal; for, if to either of them the 
angle OG be added, the ſum will be a right 
angle; and therefore, the right angled tri- 
angles gnG and OCG are alike; conſequent- 
ly, by 4 E. 6. gu: G:: OC: CG; that is, 


A: XI: : xX: 5; 5= e x*, of (ut. 
8 
& | | 
7) ; and, g: Gn :: OG: GC; 
a 
ns: — Wan x. or, Z 
$ 
WG . . O—X . . 
SK. Now, by ſubſtituting —— * for 5, 
8 | | 8 
8 DOE” . 
and x for 2, in the above Fluxion of the 


equa 


* 


DocTRINE of Fiuxions, 45 


equation of the curve, we have 5 = BY 
Þ+ - 2A =; and this ſubſtituted for 


5 


, makes the Subtangent CT (= 7 art. 


2502 — 


2 — 


Conſtruction. 


Draw the chord or right line AG, and 
parallel to it draw TB: then will TB be a 
Tangent to the curve at the point B. For, 
the triangles FCG and BCT are ſimilar; 
therefore, by 4 E. 6. FC: CG: : BC: CT, 


that is, 24—x : 5: : : — — CT. 
24—X 


Or, 

Draw the right line EG perpendicular to 
the radius GO and equal to GB; and 
through the point E draw the right line 
TB: then will the ſaid line TB be a Tan- 
gent to the curve at the point B. For, 
let gb be ſuppoſed indefinitely near and 
parallel to GB; then, becauſe the arch AG 
=GB=gv, and the arch AG+Gg=—gv+ 
vb; therefore Gg or Br; conſequently, 

if 
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if we ſuppoſe Gg to be a little right line per- 
pendicular to the radius OG or coinciding 
with the right line EG produced, and Bo to 
be a little right line parallel to it, and alſo 
Bb to be a little right line coinciding with a 
Tangent to the curve at the point B, the 
triangles zB and BGE will be ſimilar ; 
therefore, &c. 


EXAMPLE IX. 


Fig, 36. To draw a Tangent to the Curve AB, 


whoſe Equation (putting GC ex, CB—y, 
and a = a given quantity more than 1,) 
is A . 


Put A= the Hyperbolic Logarithm of a, 
and Y= the Hyperbolic Logarithm of y; 
then, by the nature of Logarithms, xA—Y; 
the Fluzion of which equation is AV = 


(by art. 21) L; which divided by A, makes 
3 


. 25 de for 2, makes 
y 


the Subtangent CT (= oy arte. 25.) = 2 
0 Ay 


= Whence we may obſerve, that, the 
Subtangent being an invariable quantity, the 
Curve 
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Curve AB 1s the Logarithmic Curve, whoſe 
Aſymptote is GF x. 


37. HITHERTO we have treated only 
| of Curves referred to an Axis; or, of thoſe 
| whoſe ordinates are Parallel to one another: 
We ſhall therefore now proceed to the 
drawing of Tangents to Spirals; or, to 
thoſe Curves whoſe ordinates iſſue from one 
and the ſame fixed Point: Where note, the 
ordinate and ſubtangent are always Perpen- 
dicular to each other: 

38. SuePosE C6 indefinitely near to CB ; Fig. 
that 1s, let the / BCb be ſuppoſed indefinitely 20. 
ſmall; and with the ordinate CB, as a ra- 
dius, let the indefinitely ſmall arch Ba be 
| deſcribed ; which being conſidered as a little 
1 right line perpendicular to C5, and the in- 

; definitely ſmall part of the curve Bb as co- 
inciding with a Tangent to it at the point 

B; then, becauſe the 4 BC is indefinitely 

{mall, 


5 This Curve is thus generated. — In the indefinite right 
- line GF, make GK=KC—CF, Sc. and the perpendiculars 
GA, KI, CB, FD, &c, in geometrical proportion continued: 
then, a curve drawn through the points A, I, B, D, &c. will 
be the Logarizhmic Curve; which is fo called, becauſe the 
diſtances GK, GC, GF, &c. being in arithmetical progreſſion, 

are as the Logarithms of the ordinates KI, CB, FD, &c. 


— „ 


1 n 
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ſmall, the as nB and BCT will be indefi- 
nitely near to ſimilarity; that is, in the very 
firſt moment of the exiſtence of the An, 
the ſaid a may be conſidered as fimilar to 
the 4 BCT; therefore, if we put the or- 
dinate CB=y, Bu x, and nb, by 4E. 
6. we ſhall have ':x/::y: CT; that is, 
(art. 7.) : Cr; „ CT =, 
y 
which 1s the ſame General Expreſſion for the 


Subtangent as that before found for curves 
referred to an Axis, art. 25. 


Or, Let the indefinite right line CZ turn, 
like the radius of a circle, round the fixed 
point or center C with an uniform motion ; 
and, at the ſame time, let a point moving 
along thereon, generate, or move with fuch 
degrees of velocity as always to be in the 
Curve CBY, to which ſuppoſe the right line 
TG a Tangent at the point B; alſo, let Bn: 
be a Tangent to the circular arch DBz de- 
{ſcribed with the ordinate CB as a radius. 
Now, when the point generating the curve 
CY arrives at B, if it was to continue on in 
the ſame direction, with an uniform motion, 
and the ſame degree of velocity that it ar- 
rives thereat, it would move along the Tan- 

gent 
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gent TB produced, or right line BG ; which 
right line would always be as the Fluxion 
of the Spiral at the point B: So likewiſe, if 
we ſuppoſe a point to move from B, in the 
ſame direction, and with the ſame uniform 
motion, that the point generating the cir- 
cular arch DBz arrives at B, it would move 
along the Tangent or right line Bi perpen- 
dicular to the ordinate or radius CB; which 
right line would always be as the Fluxion of 
the ſaid arch at the point B: And, ſince 
the direction of the point moving from C to 
Z is always perpendicular to that of the 
point generating the circular arch Dx; 
therefore, when the point moving from B to 
G arrives at G, if Gm: be parallel to ZC, 
the point moving along Bm will be arrived 
at n; and therefore, G will be as the 
Fluxion of the ordinate at the point B. 
Hence, becauſe the as GmB and BCT are 
ſimilar, by 4 E. 6. Gm: mB::BC:CT; 
that is, the Fluxion of the ordinate CB: 
the Fluxion of the arch DB : : the ordinate 
CB : the ſubtangent CT; or, (putting the 
arch DB x, and the ordinate CBS,) : 


41 "nt LO CT; as before; 


H Ex- 
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EXAMPLE I. 


Fig. 39. To draw a Tangent to the Spiral of 


a Archimedes *. 


Put the circumference of the generating 
circle AFA Da, and it's radius CAS ; or- 
dinate CB=y, arch ARF ZA; and with the 
ordinate CB, as a radius, let the circular 


arch Bu be deſcribed, which put x. Now, 
by the generation of the curve, 4: 6: : 2 : 5. 


rz. * . But, it is 


evident, the velocity of the point generating 
the circle is to the velocity with which the 
point B generates the arch Bu as CF is to CB; 


that is, 2 5% . Hence 


we have . therefore, 5*::==ayy, and 
9 


K 


r TY ”—_ 


This Curve is thus generated. With the radius CA, let 
the circle AFA be deſcribed with an equable motion, or the 
point A deſcribe equal arches in equal times; and, at the ſame 
moment of time that the point A begins to generate the circle, 
let another point begin to move along the ſaid radius from C 
towards A, and to paſs over it with an uniform motion, and 


ſuch velocity that it may arrive at A at the very ſame moment 


of time that the ſaid radius ſhall have deſcribed the circle, or 
come to be in it's firſt ſituation : then will the point moving 
along the radius CA, generate, or deſcribe, the cyrve CBA, 
called a Spiral; the 2 of which is attributed to 
Archimeats. 


Fs 
. 
8 


1 
* ** 
{SH 
= 
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| * = 2 which ſubſtituted for & in the ge- 


| 
Ci [ 
| 
t 
| | 
TW) 5 
1 1 
! 
bs 1 
& © 
a] 
+ 


5 neral expreſſion for the Subtangent, A, (art. 
| y 


38.) makes the Subtangent CT = = 


(becauſe a; þ :: : y, or ay bx, = 
Conſtructi on. 

With the ordinate CB, as a radius, de- 
ſcribe the circular arch BD; and draw the 
right line CT perpendicular to the radius 
CF and equal to the arch DB: then will T 
be the point from which the Tangent to the 
point B muſt be drawn. For, the ſectors 
CFRA and CBD are ſimilar; and conſe- 
quently, CF: FA :: CB: BD; that is, 5: 


187 =—=CT, 


ExAMPLE II. 
40. To draw a Tangent to the Logarithme Tg, 
Sper al *, 22, 
Put the curve Cd4B—2, and it's correſ- 
pondent ordinate CB — y, Suppoſe the 
angles 


— — 


C This Curve is thus generated. In the circle AFA, whoſe 
center is C, let any arches AD, DE, EF, FG, GH, &c. 


be 
H 2 


— — — —— 
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angles eCB and BC6 to be indefinitely ſmall 
and equal; and with the ordinate CB, as a 
radius, deſcribe the circular arch By. Now, 
by the generation of the curve, Ce: CB: : 
CB: C5; and therefore, if we conſider the 
little parts of the curve, eB and Bb, as inde- 
finitely little right lines, by 6 E. 6. the tri- 
angles CeB and CB will be ſimilar, or the 
angle made by the curve and ordinate be al- 
days the ſame. Conſequently, the Incre- 
ments of the ordinate and curve are always 


in an 1nvariable ratio to each other, or as 


two fixed quantities a and þ; that is, 25: 
bB ::a:6; and therefore, if we ſuppoſe Bu 
to be a little right line perpendicular to C6, 


by 47 E.1.6n:nB::a: N -a; that is, 
(putting Bu x, and nb=y",) N: *:: 4: 


Nas, or, (art. 7.) : * :: 4: Ba"; 


. 0 
6 


be made equal to each other; and the right lines Ca, Ce, CB, 
C5, Ch, &c. in geometrical proportion continued: then, a line 


drawn through the points 6, &, B, e, 4, &c. will be the curve 


called a Logarithmic Spiral; which Name is given to it, be- 
cauſe the Arches AD, AE, AF, &c. being in arithmetical pro- 
preſſion, are as the Logarithms of the ordinates Ca, Ce, 
CB, &c. 

Scholium. 

As no geometrical ſeries can, ſtrictly ſpeaking, terminate 
in o: fo the Spiral Bed &c. though it continually tends to- 
wards the center C, can never abſolutely arrive thereat ; but 
wall approach it within any diſtance that can be afigned, 


4 
Fr 


4 
1 
4 
160 


& 
10 
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a; which being ſubſtituted 


a 
for x in the general expreſſion for the Sub- 


tangent, 2 art. 38. makes the ſought 


Subtangent CT = 7X — 
Scholium. 


We may obſerve, that, (becauſe by 47 E. 1. 
TB: B- + CT* A =. 


a* — 


3B 


b 
.) the Tangent TB is = yx =; and 
conſequently, the Tangent and Subtangent 


are to each other as & to Sa. Again, 
becauſe nb : bB :: 4: b, that is, (art. 7.) 5 : 
Z::a:6; therefore, (art. 12.) y: : : 4: 6b; 
or, the ordinate and curve are always in a 
given or fixed ratio to each other; and there- 


b 
fore a . 80 that, the Tangent TB 


and Curve Cd B are equal; and fine BTC: 
radius: : 4: 6, or, s. BTC D a, and rad. 
(8. Z.BCT) = 6, 


E x- 


—— ä — _ N — — 
r r 
— — —ND§—— — ——˙ Xa — Wc. 


— 


Fig. 


235 
24. 
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EXAMPLE III. 


41. To draw a Tangent to the Spiral CHBLA, 


generated by a point moving uniformly 

along the ſemicircle CDA, from C to A, 

while the ſaid ſemicircle makes one uni- 

form revolution round the point C as a 

center. 

Let the point & be ſuppoſed indefinitely 
near to B; and with the ordinate CB, as a 
radius, deſcribe the arch DB. Put the ra- 
dius of the generating ſemicircle, EB, = a, 
arch CRB = v, arch DB = x, ordinate 
CB = y, Bb — vu, and bn =. Now, 
becauſe the circumferences of circles are as 
their radii, by the generation of the curve 


2y0 


| 4: 2 : e and, becauſe by 20 


Invented Anno 1756. 


E. 3. CEB = 24 BCI, 4: y: : : 2Bn, 
Bu = ; but, by 47 E. 1. (ſuppoſing B 


to be a little right line, and Bz a little right 
line perpendicular to Ch,) BU - = nB>, 


1372 
that is, v/*—y'* = — from which equa- 
1 . 2ay 
tion we have v' = ——=—, that is, (art. 
44*—y* 17 
== 2. 


— 


. 
* 
FF 
* 
4 
bd 
w.5 
* 


* 
ED 1 Yee e 
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7.) . Hence, «„ = 2 
4 a 


2ay '. > ny ; which ſubſtituted 


1 
Tee ee 
for x, makes 7 the general expreſſion for 


the Subtangent CT (art. 38.) _ 43) — 
4 —95 


= 4, 


Corollary. 


* * ) . 9 
Since &ũ 2. , that is, a - and By 
a 


yu 1 
=—: therefore, x' = 4B. 
2a 


Conſtruction. 


Draw the chord BG, which biſect in F; 
and to the point F draw the right line CF; 
produce the chord or ordinate CB to I, mak- 
ing IB = BC; alſo, draw the right line IT, 
making the angle CIT = the angle CFB: 
then will T be the point from which the 
Tangent to the point B muſt be drawn. 
For, by 31 E. 3. the angle CBG is right, and 
therefore the right angled triangles FBC and 
ICT are ſimilar; wherefore, by 4 E. 6. BF : 


BC 


e ] ˙—— V e p . e e e . 
* 
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BC ::IC: CT; that is, (becauſe by 47E. r. 


BG = GC*—C TB = 2. ,, and there- 
e 7s e 149A 9 tt 
29: + - Cr. 55 


CHAP. IV. 


Of finding the Maxima and Minima, or. 
Greateſt and Leaſt of variable Quantities, 


42. A Maximum 1s the greateſt magni- 
tude of a variable Quantity, which naturally 
increaſes before it arrives at that magnitude 
and as naturally decreaſes afterwards; and a 
Minimum 1s the leaſt magnitude- of a variable 
Quantity, which naturally decreaſes before it 
arrives at that magnitude and afterwards as 
naturally increaſes. Therefore, at that cer- 


tain term where a Quantity becomes a Maxi- 


mum or a Minimum it can neither be in- 
creaſing nor decreaſing; and conſequently, 
"wn Fluxion is So. 

Thus, in the triangle AEF, let the equal 


2 . and parallel ſides AC and DB of the inſcribed 


and flowing rectangle CD be continually in- 
creaſing while the other equal and parallel 
ſides AD and CB are continually decreaſing ; 

that 
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that is, let the ſaid rectangle be increaſed by 
the motion of the variable and gecreaſing 
ſide CB, and decreaſed by the motion of the 
variable and increaſing fide DB. Then, it is 
evident, that, while the rectangle is increaſing 
faſter, or with a greater degree of velocity, 
by the motion of the line CB, than 1t 1s de- 
creaſing by the motion of the line DP, it will 
be continually Increaſing; and that, when 
it is decreaſing faſter, or with a greater de- 
gree of velocity, by the motion of the line 
DB, than it is increaſing by the motion of 
the line CB, it will be continually Decreaſ- 
ing: therefore, when theſe two degrees of 
velocity become equal, the rectangle will be 
a Maximum; and be neither increaſing nor 
decreaſing ; or, the Velocity or Fluxion with 
which it is decreaſing ſubtracted from the 
Velocity or Fluxion with which it is increaſ- 
ing, leaves the Velocity or Fluxion with 
which it flows =o. And, it being manifeſt, 
that, when the rectangle CD becomes a Ma- 
ximum, the ſum of the triangles FDB and 
BCE will be a Minimum ; therefore, when 
the ſum of the ſaid triangles is a Minimum, 
the Fluxion of the increaſing triangle FDB 
will be equal to the Fluxion of the decreaſ- 
ing triangle ECB; and therefore, the Flu- 

xion 
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xion of the latter ſubtracted from that of the 


former, gives the Floxion of the Minimum 
6 

43. Wund any Quantity is a Maximum 
or a Minimum, all the Affirmative Powers 
of it will be ſo too; as will alſo, the Sum, 
Remainder, Product or Quotient, ariſing 
from it's being added to, ſubtracted from, 
multiplied or divided by, any invariable or 
given quantity. But, any Negative * Power 
of a Maximum will be a Minimum; and 
any Negative Power of a Minimum will be 
a Maximum. 


Thus, (1%) if a—b+ — * be a 


Maximum, then will * be alſo a Ma- 


ny 


be a Maximin, then e a ＋ + x 
| x* 


40-5: 
ximum. * 


or 2. 4 x* be a Minimum. 
For (19.) it is evident, that, the greater ax 
& is, the greaterwillbea—b-+- K a - 


and 


* By an affirmative power, is meant that whoſe Index is 
affirmative; and, by a negative power, that whoſe Index is 
negative. | 


| 
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and therefore, when One of theſe expreſſions 
is a Maximum, the Other will be a Maxi- 


mum alſo. And (29.) ſince (art. 13.) 
5 1 


ee. + x* | — 775 
Tee 


it is plain, that, the leſs 8 denominator of 
this fractional expreſſion is, the greater will 
be the quotient; but the ſaid denominator 


is evidently the leaſt poſſible when — 
** 


is a Minimum. — Therefore, &c. 

44. Wu in the expreſſion for the Flu- 
xion of a Maximum or a Minimum there 
are two or more Huxionary letters, and each 
is contained in both affirmative and negativę 
terms; then, the ſum of the terms affected 
with either of them will be So. 

Thus, if the Fluxion of a Minimum be Za 
N Ei = /o; then z - , and 
xj—zbj=0. 

For, let the variable rectangle CD, whoſe 
diagonal is AB, flow in the triangle EAF. 
Put FA = a, AE , AC or DB — x, 
and CB or AD = y. Then will the triangle 
FAB be ax, the triangle AEB be y, 
and the rectangle CD be = xy; and there- 
fore, the ſum of the triangles FDB and BCE 

I 2 will 
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will be =! ax—ay+2: by ; which, when the 
rectangle CD or xy is a Maximum, is evi- 
dently a Minimum. Now, it is plain, if « 
increaſes y muſt decreaſe, and therefore, (art. 
22.) their Fluxions are negative to each o- 
ther, and the Fluxion of the ſaid Minimum 
is ax —Sy+xj—ztj=0, and the Fluxion 
of the ſaid Maximum is -es, or, the 
Fluxion of the triangle ADBor ACB is! xy — 


AZ o: but, the Fluxions of the triangles 


FAB and BAE are manifeſtly equal, ſince 
one increaſes as faſt as the other decreaſes. 
Hence, therefore, (the Fluxion of the tri- 
angle AC; being So, ) the Fluxion of the tri- 
angle FAB is = the Fluxion of the tangle 
ECB; that is, $ax==xy, (art. 1 5. demon. 1 

conſequently, ze , and therefore 


X) — 26 o. 


45. In plane Figures, it is, in effect, the 
ſame thing to find the greateſt Area that can 


be contained under a given Perimeter, as to 


find. a given Area under the lea Perimeter, 
Alt may alſo be obſerved, that, to find the 
greateſt Solid that can be contained under a 
given Surface, is the ſame as to find a given 
Solid under the leaſt Surface. 

46. GENERALLY, when a variable Quan- 


tity. admits of a Maximum, it's Minimum is 
No- 
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Nothing; and, when it admits of a Mini- 
mum, it's Maximum is Infinite. 


EXAMPLE I. 


47. To find the point C in the given right Fig, 
line AB, where the rectangle of the parts 26. 
| AC and CB is a Maximum, or greater than 
1 any other rectangle An x nB. 


Put AB = a, and AC x; then CB D 

a4 -x, and therefore the rectangle AC x CB 

x Xx =-- =ax—x* D Maximum. Now, 

the Fluxion of a Maximum being So, the 

Fluxion of ax—x* muſt be So; that is, 

- 2x o; which divided by x, makes a— 

2x=0; therefore, a=2x, and x a. Con- 

ſequently, the rectangle of the parts AC and 

| CB is a Maximum, or the greateſt poſlible, 
; when the ſaid parts are equal. 

Or, Put AC==x, and CB y; then AC 

 xCB==x1y= a Maximum. Now, it is evi- 

dent, that, if * increaſes y muſt decreaſe ; 

and therefore the Fluxions of x and y are 

negative to each other; and conſequently, 

when xy is a Maximum, the Fluxion of it 

will be xy—xy=o: but, it is likewiſe evi- 

dent, that, the Increment of is equal to 

the Decrement of y; or, that the Velocity 

with 
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with which x increaſes is equal to the Velo- 
city with which y decreaſes ; that is, & 
therefore, by dividing by & or y, or by ſtrik- 
ing both x and y out, in the above Fluxion 
of the Maximum xy, we ſhall have y—x—0; 
and therefore x=y ; as before. 

Or, In the variable rectangle Ab, let the 
fide C5, which is equal and parallel to the 
fide AD, always be equal to CB: then, while 
the rectangle 1s increaſing by the motion of 
the decreaſing fide C5 moving from A to- 
wards B, it will be decreaſing by the motion 
of the increaſing fide 5D moving from F 
towards A. Now, fince the Velocities of 
the points C and D, or the Fluxions of the 
ſides AC and AD, are always equal, (as they 
evidently muſt be, becauſe the ſum of theſe 
fides is always the ſame ;) therefore, as long 
as the ſide AC continues leſs than the fide 
AD or C6, the rectangle will be continually 
increaſing ; and after the fide AC becomes 
equal to the fide C5; it will be continually 
decreaſing: therefore, when the rectangle 1s 
a Maximum, or when it is neither increaſing 
nor decreaſing, the ſides AC and C6 are equal 
to each other, or Ac C = Cg; as before. 

Or, Deſcribe the ſemicircle A5bB, and let 
fall the perpendicular C. Now, by 35 E. 3. 
| AC 
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AC x CBS C=; and therefore ACxCB is a 
Maximum when C is the radius of the ſe- 


micircle, or when the point C biſects AB; 
as before. 


EXAMPLE II. 


48. To find the point C in the given right 
line AB, where AC” x CB” is a Maximum. 


Put AB Da, and AC x; then CB = 
a—x, and AC x CR x" x a—x| = 


m TIO g 
* X — Maximum; therefore, (art. 


43.) x x a—x = a Maximum; that is, 

(putting — = e, ) * Xx A- A -r t — 
7 

a Maximum; the Fluxion of which is So; 

that is, ae . e ix = o. Now, by 

dividing this equation by x—'x, we have 

ae—-e+-1x—=0; therefore, ae = e+1x, 


and x = "oh that 1s, by reſtitution, or 
ed1 


nn. 2 
writing for e, & = = * whence the 


point C is determined. 

Or, Put AC x, and CB —y; then 
* y*=a Maximum; the Fluxion of which 
is So; that is, {becauſe when x increaſes y 


de- 


Fig. 
27. 78539 &c. (the area of a circle whoſe dia- 
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decreaſes, or the Fluxions of x” and y* are 
negative to each other,) mx""x x y*—ny'y 
* =0: but, the Fluxions of x and y are 


_ evidently equal; therefore, throw both x 


and y out; then it will be nx"x - 
K O. Now, by dividing this equation by 
K* , we have my—nx==o ; therefore, 
ne=my, and mint 5: y, So that, the ſeg- 


ments AC and CB are in direct proportion 


to the Indices of their Powers; and x = 


m m. — mam mx 
— 2 — X a = 


; therefore, nx 
7 7 


| -- | 
= ma—mx, and x = a; as before. 
| mn 


— 


Ex AMP L E III. 


40. To find the greateſt Cone that can be 
inſcribed in a given Sphere. 


Put AD, the diameter of the Sphere, Sa; 


meter is 1,) Se; and AC, the altitude of 
the cone, x: then CD=a—x. Now, by 


35 E. 3. ACx CD=CB: ; that is, x x a—x 
= 4&x—x* = CB*; therefore, (becauſe the 
ſquare of the diameter i is 4 times the ſquare 
of the radius,) by 2 E. 12. gacx — 4cx* = 


the area of * cone's baſe; which, by 
| 10 
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10 E. 12, drawn into x, is + acx*— cx 
= the cone's ſolidity, a Maximum: there- 
fore, by art. 43. ax*—x*= a Maximum; 
the Fluxion of which is So; that is, 2axx 
—3Jx*X=0; which divided by xx, gives 24 
zx so; therefore, 3x 2a, and x a. 
So that, the cone will be a Maximum, or 
the greateſt poſſible, when it's altitude is = 
two-thirds of the ſphere's diameter. 


ExAMPLE IV. 

50. To find the internal dimenſions of a 
cylindrical Cup, whoſe capacity is given 
Sa, When the ſaid Cup is made with the 
leaſt poſſible quantity of Silver of a giveii 
thickneſs. 


Put the diameter = x, and . 78539 &c. 
(che area of a circle whoſe diameter is 1,) 
c; then, by 2 E. 12. cx S the area of the 

| | a 5 
bottom; and therefore — = the altitudes: 
but, 4cx= the circumference of the bottom, 


h a a CEP 
and therefore 4cx x by — 2 — the-inſide 
x | 


"Pq" a oc; + 
curve ſuperficies. Hence cx* + © = the 
XX 


whole inſide ſuperficies; which, becauſe the 
K quan- 


N TT IDES i„'f.———— — — 
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quantity of ſilver is the Leaſt poſſible, is a 
Minimum; and therefore it's Fluxion is So; 


0 | 
that is, 2cxx e, which multiplied 


by x“, is 20x" Aa =0 ; and this divided 
ow 2X, 18 Cx*—20 =0; therefore, cx a, 


* x = = the diameter ; which ſubſti- 
tuted for x, makes the K 


cx 5 
cx = 
, C $ 
a X 
c 


= —=; 2 0 altitude. 80 


COX — 
C 


that the Aber is to the altitude as 2 to 1. 


Or, Put the diameter = x, altitude = y, 
and .78539 &c. Sc; then, the whole inſide 
ſuperficies will be = cx*+4cxy = a Mini- 
mum; therefore (art. 43.) x*+-4xy= a Mi- 
nimum; the Fluxion of which is So; that 
is, (ſuppoſing x to increaſe and y to decreaſe, 
or the Fluxions of x and y to be negative to 
each other, as they evidently muſt be,) 2xx 


+4%y—4x)=0., But, cx*yz=a, and conſe- 
quently x*y = = theFluxionof which equa- 


24 


tion, 
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. tion, (becauſe the Fluxion of © is , and 
C 


the Fluxion of y is negative,) is 2xxy—x*5 
=0; therefore x*y=2xxyz which equation 


divided by &, makes y= 2 Hence, this 


value of y being ſubſtituted for it inthe above 
Fluxion of the Minimum, we have 2&7 
4%y—Bxy==0; that is, 2XX—4Xy=0; which 
equation divided by 2x, gives x—2y==0 ; 
conſequently x=2y ; as before. 


EXAMPLE V. 


51. To find the internal dimenſions of a 
Ciſtern in the form of a rectangular ſolid, 
(that is, whoſe bottom and all four ſides 
are rectangular,) when it's capacity is Sa, 
and it is made with the Jeg poſſible quan- 
tity of Lead of a given thickneſs, 


Put the inſide length AC or DB == x, FN 
breadth AD or CB=y, and depth BF or CE 28. 


a 
==2 ; then, xy2z=a, and therefore, x=— . 
2 


Now, the inſide ſuperficies of the bottom 
and four ſides is S AC x CB+2ACx CE + 
2CBX BF π̃ a , 2) = (by ſubſtitut- 


ing 5 for x,) 2A which, mon 
K 2 the 
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the ciſtern 1s made with the Leaſt poſſible 
quantity of lead, is a Minimum; and 


CY . . 22 
therefore it F luxion is So; that is, — — 


— 2520 232=0. Now, (art. 44.) the 


ſum of the terms affected with y is =o, and 
the ſum 9 5 terms affected 2 5 2 iö =0; 


that is, — 72 ＋ 27/8 =-0, and — — — ＋ 255 


==0 ; the Wer of which equations multi- 
plied by y*, gives — 24% ＋ 2 J Do, and 
this divided by 2), is —a + % 25S 
= 04 Mn, therefore, x: and the lat- 
ter of the ſaid equations multiplied by 25, 
gives — azþ+2y2* 2 So; which divided by 
3, is —@ ＋ 2327 So, 59 2 X92, 
therefore, 22 = x. Hence, x = y = 22; 
that is, the length and breadth will be equal, 
and each equal to twice the depth, | 
Or, The length, breadth, and depth, be- 


ing x, y, and 2, reſpectively; and the inſide 
ſuperficies=xy-þ 2x2 2y2= a Minimum, 


as before; if we ſuppoſe x and y to increaſe, 
then z muſt neceſſarily decreaſe; that is, the 
Fluxions of x and y being affirmative, the 
Fluxion of 2 will be negative; and there-- 
fore, the Fluxion of the Minimum will be 
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xy+xy+2x2— 2x2 ＋ 2) — 22 O. But, 
xyz = a, the F luxion of which equation, 
(the Fluxion of à being = o, and the Flu- 
xion of 2 being negative,) is x92 þ+xj2—xyS 


3 . 1 wh 


WF 
ſubſtituted for z, in the e of the Mi- 
nimum, makes it xy + xy — = 3 2 
* 


2 * 


So; therefore (art. 44.) xy— 


— 
— 3 


and xy — * = 0. Now, the firſt of 


theſe two equations multiplied by 55 1s & — 
22 o, „ K D 22: and the latter multi- 
plied by 5 is y— 22 , „ = 22. 80 
that, x =y = 22; as before. 


Scholium. 


In this laſt method of Solution, either of 


the quantities x, y, or 2, might have been 
ſuppoſed to decreaſe while the others in- 
creaſe; or, but one of them to increaſe while 
the others decreaſe: for, in either caſe, the 


concluſions would come out exactly the 
ſame. 


Ex- 


— 4 
— 


dw 


— 


— 


— — — 
r 
— — — 
2 


= 2 
2 
| 
A 
1 *1 
1 
7 1 
5 MA 
% 
32 
* 


| 

. 
1 
1 


756 An INTRODUCTION to the 


EXAMPLE VI. 
52. A Gentleman wants to ride from the 


7. City C to the City D, the Cities being a 


miles apart. Now, from C to A, which 
is 6 miles, or from C to any place B in the 
road DA, which is perpendicular to the 
road AC, he can ride after the rate of c 
miles an hour; but, from A to D he can 
ride faſter, or after the rate of d miles an 
hour. To find B, the place to which he 
muſt directly ride, in order to perform his 
Journey in the kaſi poſſible Time. 


By 47E.1. Ab- CNN — T 
which put e; and let AB x; then BD 


Se- x; and therefore, oe num- 
ber of hours the Gentleman will be riding 
from B to D. Again, oy 47 E. 1. CB = 
BA 5 887 AC} —— ; and therefore, 


the number of hours he will be 


c 
Bt 


Wwe: from C to B. Hence we have — E 


> da 7 = the numer of hours he will be 


per- 
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performing his journey, which muſt be a 


Minimum: therefore (art. 43.) d KN CN 
—cx = a Minimum; the Fluxion of which 


IE fins 
is = ©; that is, 4 dx X ＋＋ * x 2xX— 6x 
; "TX 


"II 


POST ILY gives dxx — C X X * ＋5˙ 203 
and this tranſpoſed and divided by x, is dx 


= * Fri ; the ſquare of which is 


—cx=0; which multiplied by 


d*x*=*x*-b*c* ; therefore Ol 
and x = 3 - = AB. 
mn? z 


Or, Let Ch be ſuppoſed indefinitely near 
to CB, and the little circular arch B be de- 
ſcribed with the radius CB; that is, let B& 
expreſs the naſcent or indefinitely ſmall In- 
crement of AB, and ub that of CB. Now, 
it is evident, if B be the place to which he 
muſt directly ride, that, the Increments B 
and uh muſt be to each other as d to c, ſince 
then only can they be paſſed over in the 
ſame time: but, the little triangle Bub is 
(or may be taken as) ſimilar to the right 
angled triangle CAB; (for, the arch By, 
FE | being 
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being indefinitely ſmall, may be conſidered 
as a little right line perpendicular to C ; 
ſo likewiſe, the angle BCô being indefinitely 
little, the angle CSA or aB may be conſider- 
ed as equal to the angle CBA; and therefore 
the angle Bu as equal to the angle BCA ;) 

conſequently, by 4 E. 6. d: c:: CB: BA; 
but, when the hypothenuſe and perpendicu- 
lar are d and c, the baſe, by 47 E. 1. will be 
Tc. Hence, therefore, J. c: LE (CA) 
3:37: be — AB; as before, 


d- 


Conſtruction. 


Through C draw mv parallel to AD; 
making CU dc, and Cm d- c; de- 
ſcribe the ſemicircle m#v; on the interſect- 
ing point & erect the perpendicular kr==c 
and through 7 draw the right line CB: then 
will B be the point required. For, by 


35 E. 3. nf = Ch, that is, ac. 
Ck; and, by 4 E. 6. Ck: Ar: : CA: AB, 
that is, ZN 262231 be : AB. 


FE — 


8 
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Ex AMY IL VII. 

53. Let the triangle BAD have one angle A 
in the right line CE: To find a Maxi- 
mum of the Sum of the perpendiculars BC 
and DE let fall from the other two angles 
on the right line aforeſaid. | 
Note, AB = @, ADD, and the 2BAD 

= go”, 

Put AC = x; then, by 47 E. 1. CB — 
BA AN = -& 7. Now, becauſe 
the 7 BAD is right, the 4 DAE is the com- 
plement of the Z BAC, and is therefore = 
Z ABC; conſequently the triangles BAC and 


ADE are fimilar ; and therefore, by 4 E. 6. 
BA: AC:: AD: DE, that is, : & :: 5: 


= — DE. Hence we have BC-+DE = 


+= —a Maximum; the Fluxion 


of which i * — ©; that is, * 2 - . x 


£ : bx 
U —; that 1s, — 3 + —= 
a — XK * 2 

So; which multiplied by a = X a, 
gives — axx TA —x* * bi=0; therefore, 
L by 


. — V— —a— 


— — 


— 8 =" g — — — = l I 
\ — — — — — — 71 W —— = = 
— — — — * * 
= — 4 . 
1 _ = — — ——_— mY * — —— 
— — — — — — 2 =_ 
— ä —ů >< Ing — 
— — — _- 2 = 


— — _- 
— — — —„—-— — — — 
— —— — — 
— —T——ͤ — — —¼H:— —— Fre ee — 
* 
— — 
- 
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by tranſpoſition and dividing by x, we have 
ard ; by involution, a*x' = 
—þ*x* ; conſequently, a*x*+6*x*— 4*6*, 
and *. = £2", therefore, — 5 


4 + b 8 | a*+ þ*\= — 
which ſubſtituted: for x, makes the Maxi- 


mumBC+DE (=#"DÞ+2)=*+Þ\* 


— BA*+AD?\F, that is, by 47 E. 1. BC. 
DE = the hypothenuſe BD. 


Or, Produce BA to 5, making bA—AB; 
draw the right line 2D; and perpendicular 
to CE draw hc: then will the triangles Abc 
and ABC be equal and ſimilar, for bc is equal 
and parallel to BC. Now, it is evident, that, 
the line 4D, in every ſituation, will be greater 
than the ſum of the perpendiculars hc and 
DE, excepting when it is perpendicular to 
the line CE; and that then, the ſaid per- 
pendiculars will coincide with, and their ſum 
be equal to it. Therefore, the Maximum 
of the Sum of the perpendiculars be and 
DE, or of BC and DE, is equal to the fide 
bD. of the triangle AD; which, when the 
EAD or BAD is right, 18 equal to BD; 
as ener i 

| Ex- 
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EXAMPLE VIII. 


£4: To find the greateſ right an gled Tri- Fig, 
angle ACB that can be inſcribed in the 31. 
given Quadrant AEF; the right angle 
being formed by the fine and coſine BC 
and CA. 


Put the radius or hypothenuſe AB= a, 
and AC=x; then, by 47 E. 1. CB 


G*—x* B ; therefore, the area of the triangle 


Six Xx 4 TL = a Maxi- 
mum : conſequently; (art. 43.) a*x*—x*— 

a Maximum; the Fluxion of which is So; 
that is, 24*xx—q4x*Xx=0 ; which divided by 
2xx, makes a*—2x*=—0; therefore x = 
conſequently Ac CB, and the point B bi- 
ſects the quadrantal arch EF. 

Or, Put AB, Ac x, CB=y, EB=z ; 
and ſuppoſe the point & indefinitely near to 
B, bc parallel to BC, and Bu equal and pa- 
rallel to Cc; that is, let Bux, and BG. 
Now, if we conſider the Increment Bb as a 
little right line perpendicular to the radius 
AB, the angles 2B and CBA will be equal, 

and conſequently the indefinitely little right 
angled triangle Bus will be ſimilar to the 
right angled triangle BCA; therefore, by 

L 2 4 E. 6. 
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4 E. 6. AB; BC :: UB: Bu, that is, a: 5 


ax 


2: * or (art. TI E33 42 2 *, 7 IB, 


But, when the triangle ACB is a Maximum, 


Fig. 
2s. 


it 18 plain, that, AB * + 2 1s = BC X * that 
1s, 2 43 e C ohm — (by the above,) 
4 


7¹ whence, 27 K Sa &, and 2 — 
2 Therefore, x , or AC = CB; as 
before. 

Or, Suppoſe CD to be always perpendi- 
cular to AB. Now, it is evident, the Tri- 
angle will be the greateſt when CD 1s a Ma- 
ximum, that is, when it biſe&ts AB, or is 
the radius of the circumſcribing ſemicircle 
ACB; and then, it is plain, AC=CB; as 
before. 


EXAMPLE IX. 

55. In the right line AE, which is perpen- 
dicular ta the indefinite right line AZ, 
given Ac a, and CE: To find the 

point B, where the Angle CBE is a Ma- 


x: Mun. 


Put AE=a+b=; and AB x; then, by 
47 F. 1.  CB=i* , and EB x POL 


Now, 
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Now, by Trigonometry, CB: radius: : AB 
8. 7 ACB, that is, (putting radius = 1, 


, Fx 1422 K — s. 4. ACB or 
a T* 
ECB; and EB: s. CECB:: EC: s. CBE, that 


1s, c mr : — wile b x 
=p 2. TN a. +x*)ix0* xf 

=S. CBE Da N rr r (art. 43. 

& | 

a*+x*xc == TO Fo hs Fo 

a Maximum ; and ac. ᷓ ᷓ +x* = a Mini- 

mum; the Fluxion of which is = o; that 

is, —24*Cx"x+2xx=0; and this equa- 

tiondivided by 2xx, makes —a*c*x=+*þ 1 =0; 


a*c* 
_— and x* —= 


therefore 1 e’ = 


ac, and x=ac 3 So that AB is a geome- 
trical mean between the diſtances AC and 
AE; and therefore, by 6 E. 6. the triangles 
CAB and BAE are ſimilar. 


Or *, (in any poſition of the line AZ,)— 5 Fig, 
It 1s evident, that, as long as the angle BCE 32. 
decreaſes faſter than the angle BEC in- 3. 
creaſes, the angle CBE will be increaſing ; 34. 
and that, when the angle BEC increaſes 


_ faſter 


"8. - + a 


rer 
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faſter than the angle BCE decreaſes, the 
angle CBE will be decreaſing: therefore, 
when the ſaid angle CBE is a Maximum, 
or when it neither increaſes nor decreaſes, 
the Fluxions of the angles at C and E will 
be equal; or, the Increment of the angle 
BEC will be equal to the Decrement of the 
angle BCE ; ne is, if we ſuppoſe the point 
6 indefinitely near to B, the Z BEb5=— 2 BC5: 
therefore, if with EB and CB, as radi, the 
arches BM and Bu be deſcribed; then, be- 
cauſe the circumferences of circles are as 
their radu, BM: By :: EB: CB. Deſcribe 
the circle BGA, whoſe diameter is AB; and 
in fg. 34. produce EB to G, and BC to J. 
Draw the right lines GA, AI, and IG. 
Then, in fig. ba and 33. (by 21 E. 3.) 7 GAI 
==2 GBIor EBC; and in fg. 34.(by22 E. z.) 
£ GAIT 2 GBI = 180%. =/ GBI+z EBI; 
therefore in this fig. alſo, 4 GAIT = 2 EBI 
or EBC. Now, if we ſuppoſe the arches 
Bm and Bu to be little right lines perpendi- 
cular to Em and Cx reſpectively, then may 
the triangles Bm and BAG be conſidered as 
fimilar, as may likewiſe the triangles Bu 
and BAI; (for, by 31 E. 3. the angles BGA 
and BIA are right; and, becauſe the points 
band B are preſumed to be indefinitely near 

to 
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to each other, therefore the . EA is inde- 
finitely near to equality with the Z EBA, 
and the CoA with the 4 CBA; &c.) 
wherefore, by 4 E. 6. B: BA:: Bm: AG, 
and bB : BA:: Bu: AI; „ Bm: Bn:: AG: 
Al. Hence EB: CB :: AG: AI; and there- 
fore, by 6 E. 6. the triangles EBC and GAI 
are alike, and the . AGI = BEC: but, 
by 21 E. 3. the 2 AGI = 2 ABI or ABC; 
therefore the BEC — 72 ABC, and conſe- 
quently the triangles CAB and BAE are ſi- 
milar ; wherefore, by 4 E. 6. CA: AB :: 


BA: AE; AB = ACxAF)*. 


Conſtruction. 


Produce EA to K, making AK = AC; 
deſcribe the ſemicircle KE; and, in fg. 33 
and 34. draw AQ perpendicular to the dia- 
meter EK, and make AB equal to AQ: then 
will B be the point required. For, by 


35E. 3. AQ = NAR, that is, AB = 


ACxAEY. 


ExaMPLE X. 


56. Given the point C in the radius EA of Fig. 
the circle AB &c. To find the point B. Ge 
: "" 


ODUCTION fo the 


tangent TB and right line 
to it, the Angle CBT is a 


8 AiInT 
at which, if 
Cg be dra 

Minimum. 


Draw the radius EB. Now, becauſe by 
18 E. 3. the tangent to a circle is always 
perpendicular to the radius, it is evident, 
that, the angle CBT will be the leaſt poſſible 
when the angle CBE is the greateſt: It is 
likewiſe evident, that, when the ſaid angle 
CBE is the greateſt poſſible, the Fluxions of 
the angles GE wa BEC will be equal ; or, 
ſuppoſing the point 4 indefinitely near to B, 
Z BCh BEL; and therefore, if with CB, 
as a radius, we deſcribe the little circular 
arch Bn; then, CB: Bn :: EB: Bb, or, CB: 
BE :: nB: Bb; and conſequently, by 6 E. 6. 
(becauſe CB — L EB, and therefore 
Z CBE=2 nBb,) the triangles CBE and B 
are ſimilar, and ECB S nB D a right 
angle. Hence, when the angle CBE is a 
Maximum, or the angle CBT is a Minimum, 


the right line CB will be — to 
the radius EA. 


Or, Becauſe by Trigonometry EB : * 
BCE :: EC: ſine 4 CBE; therefore, the 
angle CBE will be the greateſt when the 

angle ECB is arg one; but, when the 

angle 


| 
| 
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angle CBE is the greateſt, the angle CBT is 
the leaſt poſſible : therefore, when the ſaid 
angle CBT is a Minimum, the right line 
CB will be perpendicular to the radius EA ; 
as before, 
ExAMPLE XI. 
57. Given the point C in the radius OA of Fig. 

the ſemicircle ABE: To find the point 36 


B in the ſaid ſemicircle where the Sum of? 
the right lines CB and EB is a Maximum. 


Suppoſe the point 6 indefinitely near to B; 
and the little circular arches Bu and Bm, de- 
{ſcribed with CB and EB as rad, to be little 
right lines perpendicular to the ſaid radii 
reſpectively. Now, the angles CBz, OB5, 
and EBm, being right; therefore / CBO= 
2.nBb, and 4 OBE L mBb : but, when 
CB-+EB is a Maximum, it is evident, that, 
the Increment n muſt be = the Decrement 
bm; and therefore the triangles 5#B and mB 
are equal and ſimilar. Hence, 2.4B6 being = 
mb, therefore 4. CBO= 7 OBE— OEB; 
and the triangles OCB and BCE are ſimilar ; 
and conſequently, by 4 E. 6. OC: CB :: BC : 

E; *+:CB=COxCE)*. | 


Con- 


— 
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Conſtruction. 

Make CK CO; deſcribe the ſemicircle 
K QE, and draw the right line CQ perpen- 
dicular to the diameter EK; alſo, make CB 
CQ; then will B be the point required. 


For, by 35 E. 3. c o ETC, that is, 
B ECCO“. 


Corollary. 
In order to make the Maximum take 


place, the given diſtance OC muſt be greater 
than of the radius OA. 


Note. | 
To find an Algebraical expreſſion for the 
ſum of the right lines CB and EB when the 
ſaid ſum is a Maximum. Put the radius 
EO or OA=a, and OCS: then, CB 
COC Z=, and CB: BO :: CE: 
EB, or CT CITE : therefore - 
| 8 ab+b*\* 
CEHEB=GJTTV4EES - +0 
a ab- 4 b*.ab\* 


5 


Ex- 
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EXAMPLE XII“, 


58. Let the given right line CC in it's firſt Fig, 
ſituation coincide with the right line AZ; 37. 


and Jet the end G move along the right 
line ED in ſuch a manner that the other 
end C may paſs with an uniform motion 
from A to E; and, at the ſame time, 
ſuppoſe a point B to moye with the ſame 
uniform motion from C along the line 
CG; then, by the motion of this point, 
will the Curve ABD be defcribed: To 
find the point C in the line AE where CF 
is a Maximum; BF being always parallel 
to DE, and BH parallel to AE. 


Put AF = ED CGS, AF x, and AC 
—CB=—z; then, CF=x—2, BG—a—sz, 
and FE=BH=a—x, Now, by 4E. 6. 
GB: BH :: BC: CF, that is, a—=2 : a—-x 
22 S: XS z a- - E -x, 
or ax—2a2+2*=0; the Fluxion of which 
equation is aX—242222=0: but, when 
CF or x—z is a Maximum, it is evident, 
that, x=2 ; therefore, by dividing by * or S, 
we have a—24+2z—=0, or 2z=a; and 
therefore a a, or, the point C biſects the 
line AE when CF is a Maximum. 
C:rollary. 


2 
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Corollary. 

Since CB BG; therefore CF BH 
FE=zCB; and conſequently, when the 
angle AED is not an Obtuſe but a Right 
one, the angle BCF will, when CF is a 
Maximum, be ==60? . 


EXAMPLE XIII. 


59. To find the point of Retrogreſſion B in 
the Contracted Semicycloid ABD; whoſe 
generating ſemicircle AGF is greater than 
it's baſe FD *. 


Put the generating ſemicircle AGF ga, 
baſe FD, radius OG rc, CG, OC=x, 
8 Or- 


Fig. 


TIT 


— 


* 'This Curve may be thus generated. Let the ſemicircle 
2 roll along upon the right line /d equal to it and perpendi- 
cular to it's diameter fa: then will the curve ABD deſcribed 
by any point A taken without the ſaid ſemicircle and in the 
radius O @ produced, be a Contracted Semicycloid. For, de- 
ſcribe the concentric ſemicircle AGF; in any poſition of 
which, as BRK, to the generating point B draw the ordinate 
CB parallel to the baſe FD, which Kid baſe muſt evidently be 
equal and parallel to fd: through the center o draw MR pa- 
rallel to the diameter AF; and with the radius aB deſcribe 
the arch BM: then will the arches AG, MB, and RK, be 
equal, and BCG; and therefore SB CF fr = (by the 
generation) arch 7+; but, ſemicircle AF : ſemicircle af :: arch 

K: arch 74; therefore, ſemicircle AF: /a or baſe FD :: 
arch - GB; which is the property of the Cycloid. (See 
art. 35.) | | 
This Curve may, with propriety, be called an exterior 
Cycloid, | 3 a 
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ordinate CB y, and arch AG; and let 
the point g be ſuppoſed indefinitely near 
to G, and ng parallel to CF; that is, let 28 
i, and Gg=2/. Now, if the Increment 
Gg be ſuppoſed a little right line perpendi- 
cular to the radius OG, the right angled 
triangles OCG and Gg will be ſimilar; 
and therefore, by 4 E. 6. CO: OG:: 28: 
Gg, that i, „16 ::: , or (art.7.) *: 
CF 


c:: : . By the known property of 
* 
the curve, @:6:: 2: GB — > therefore 


a 
CG4GB==5+*Z=y, which, at the point 
a 


of Retrogreſſion, muſt evidently be a Ma- 
ximum ; it's Fluxion therefore is So, that 
is, becauſe the Fluxions of s and z are ne- 


gative to each other, _; += = o; from 
which equation we have 2= ==. Hence © —= 


5; and therefore axe, and _ OC. 
Or, * Put the generating ſemicircle AGF 
Sa, baſe FD=6, radius OG gc, and OC 
D; and let gb be ſuppoſed indefinitely 
as near 
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near and parallel to GB, Now, it is evi- 
dent, that, at the point of Retrogreſſion B, 
the tangent muſt be perpendicular to the or- 
dinate ; that is, at the ſaid point, the Incre- 
ment B is perpendicular to b; and there- 
fore, becauſe the 4 BG Cf, the right 
angled triangles Bb and Bro or GCO are 
ſimilar; and conſequently, by J E. 6. Bo: 
vb :: GO: OC. But, by the nature or ge- 
neration of the curve, @ : 6:: Gg or BV: v. 
Hence therefore, @ : b :: GO: OC, that is, 


EE, 2 
: J c: x; * Oc, as before. 


Corollaries. 


I. At any point B in the curve, if to the 
correſponding point G in the circle, we draw 
the right line TG perpendicular to the ra- 
dius OG, making TG: GB :: a: 6, that is, 
if TG be made equal to the arch AG; or if 
Bx be made equal to the radius Oa, and xz 
be drawn parallel to the tangent GT and 
equal! to the radius OA ; then will the right 
line drawn from Tor 2 to B, be a Tangent 
to the curve at the point B. For then the 
triangles IGB or zxB and Bvb will be ſimi- 
lar; and therefore, &c. | 


2, 
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2. If the right line Q be drawn perpen- 
dicular to the radius OA; then, when the 
point Q arrives at the baſe FD, the point A 
will be in the point of Retrogreſſion B. 
For, ſince at the ſaid point of Retrogreſſion, 


bc : 
* =:; by analogy, a:6::c: x; that is, 
a 


ſemicircle BRK : ſemicircle prꝶ :: R: ot; 
therefore, the ſemicircles being as their radu 
oR and or, the point 7 coincides with v, that 
1s, the ordinate CB coincides with the right 
line /4; and the triangles Rop and Bot are 
equal and ſimilar. Conſequently, Rp is per- 
pendicular to ps; and therefore, &c. Hence 
the following 


Conſirufion. 


Make DR—arch ae; draw Rt equal and 
parallel to E/, and B equal and parallel to 
aQ: then will B be the point of Retro- 
greſſion required. 


2 — _ — 


E 
Of finding the Points of Inflettion in Curves. 


60. Wurn a Curve from being Concave 
becomes Convex towards it's axis; or, from 
being 
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being Convex becomes Concave ; then, that 
Point in it where the Change is made, or 
that which ſeparates the Convex from the N 
Concave part, is called the Point of Inflec= 
tion. So that, if to the Point of Infletion 
a Tangent be drawn, it will cut the Curve. 
Thus, in fig. 39. if AB be concave and 
Hg. BY convex, or, in fg. 40. if AB be convex 
9. and BY concave towards the axis AX; then 
40. B is the point of Inflection: where the Tan- 
gent TBG cuts the curve. 

61. Now, it is evident, that, in any 
Curve, in order to determine whether the 
Abſciſs or Ordinate flows with an acce- 
lerated or retarded motion, or, to find the 1 | 
value of it's Second Fluxion, it is neceſſary 
that one of them be made to increaſe or de- 
creaſe with a given or uniform motion, with 
which the ſwiftneſs of the increaſe or de- 
creaſe of the other may be always compared. 

Suppoſe the Abſciſs therefore, it being the 
moſt natural, always to flow equably, or 
equal parts of it to be deſcribed in equal 
times; then, becauſe the Direction of the 
curve from A to B ( fg. 39.) or from B to 
Y (fg. 40.) continually approaches nearer 
to a Paralleliſm with the axis, it is evident, 


the ordinate between theſe points muſt flow 
with 
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with a motion continually Retarded : and, 
becauſe the Direction of the curve from B 
to Y (fig. 39.) or from A to B (fig. 40.) ap- 
proaches continually nearer to a Perpendi- 
cular to the axis; therefore, between theſe 
points, the ordinate muſt flow, or increaſe, 
with a motion continually Accelerated, Con- 
ſequently, at the point of Inflection, the or- 
dinate will flow with neither an Accelerated 
nor Retarded but with an Uniform mo- 
tion: therefore, at the point of Inflection B, 
the Second Fluxions of the abſciſs and ordi- 
nate will be So. 

Or, Let Bu be a given right line always 
parallel to the baſe, Bm a Tangent to the 
curve, and um a right line parallel to the 
ordinate. Then, it is plain, that, before the 
ordinate arrives at the point of Inflection, 
the right line am, in fig. 39. will be conti- 
nually Decreaſing, and afterwards conti- 
nually Increaſing; or, in fig. 40. will be 
continually Increaſing, and afterwards con- 
tinually Decreaſing: therefore, at the point 
of Inflection, it will be neither Increaſing 
nor Decreaſing; but will, in fg. 39. be a 
Minimum, or, in fig. 40. a Maximum; and 
conſequently, in either caſe, it's Fluxion will 
be So. But, by art. 24. the right lines Bn, 

N um, 
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um, and Bm, are as the Fluxions of the 
abſciſs, ordinate, and curve, reſpectively. 
Hence therefore, the Second Fluxions of the 
abſciſs and ordinate, at the point of Inflec- 
tion, are =0; as before. 

62. Now, ſince, in general, the ordinate 
CB and the meaſure of it's Fluxion, zm, 
flow together ; or, ſince the Fluxion of the 
ordinate CB is always as the right line zm, 
and the ſaid right line is a Variable or Flow- 
ing quantity *; therefore, to find the Second 
Fluxion of a Fluent, or the Fluxion of an Ex- 
preſſion containing the Firſt Fluxions of any 
variable quantities; every Firſt Fluxion, not 
ſuppoſed Invariable, muſt be conſidered as a 
diſtinct Variable quantity, and the Expreſ- 

ſion 


* If the right line am be invariable; then, the curve will 
degenerate into a right line, and the ordinate will flow uni- 
formly, or the Fluxion of it be always the ſame. 

If the Tight line am be variable; then, the velocity with 
which the ordinate flows will likewiſe be variable: And, the 
velocity with which the line vn increaſes or decreaſes will al- 
ways be as the increaſe or decreaſe of the velocity with which 
the ordinate flows; that is, the Fluxion of the line π will 
be as the Second Fluxion of the ordinate CB. 

If the right line am does nat uniformly increaſe or decreaſe ; 
then, the velocity with which the ordinate flows will not uni- 
formly increaſe or decreaſe: And, the increaſe or decreaſe of 
the velocity with which the line zm increaſes or decreaſes will 
always be as the increaſe or decreaſe of the acceleration or 
retardation of the velocity with which the ordinate flows ; that 
is, the Second Fluxion of the line m will be as the Third 
Fluxion of the ordinate CB. 
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fion be put into Fluxions by the Rules laid 
down in Chap. 2. 

Thus, the Fluxion of 2 is 27 2yy, that 
is, 2y*+2yy; or, if y be invariable, it is 2y*, 
The Fluxion of Z is Yy 15 — or, ſince 

* : 
either x or y may be ſuppoſed invariable, 
(that is, either x or y to flow with an uni- 
form motion,) if we make x invariable, it 


will be —— Alſo, the Fluxion of 


t N TNNXA TY YR * i 

Tur Third and Fourth Fluxions, &c. are 
found in the ſame manner, due regard be- 
ing had to ſuch Fluxions as are ſuppoſed 


Invariable. 


63. HENcx, to find the point of Inflec- 
tion B; put the Equation of the curve 
(where the abſciſs AC is =x or x, and 
the ordinate CB y,) into Fluxions; from 
which, or from other properties of the 
curve, find the value of x or y; and put 
this & or y and it's value into Fluxions, 
making both & and y =0: then, by ex- 
punging the reſt of the Fluxional quanti- 
N 2 ties, 
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ties, you may have x or 5, at the point of 
Inflection ſought, determined. 

64. Bur, the point of Inflection may be 
found without the help of Second Fluxions. 
For, if TB be a Tangent to it, it is evident, 

that, AT, the Difference between the ſub- 
tangent and abſciſs, will be a Maximum. 
And therefore, to find the point of Inflec- 
tion, we need only to find a definitive ex- 
preſſion for the Subtangent, by Chap. 3. and 
the Difference between it and the abſciſs; 
and then make the Fluxion of this Difference 
So. And ſometimes it may be determined 
in a New and different manner; as will be 
ſhewn in the following Example. 


SxAMPLE I. 


65. To find the point of Hiflection B in the 
Fig.  Protrated Semicycloid ABD; whoſe gene- 
Pr rating ſemicircle AGF. 1s leſs than it's 

baſe FD *. 
7 Put 


Dy rl 


This Curve may be thus generated.—Let the ſemicircle 

af roll along upon the right line u equal to it and perpendi- 
cular to it's diameter fa ; then will the curve ABD deſcribed 
by any point A taken within the ſaid ſemicircle and in the 
radius Oa, be a Protracted Semicycloid. For, deſcribe the con- 
centric ſemicircle AGF; in any poſition of which, as BRK, 
do the generating point B draw the ordinate CB parallel 3 
N b | | © 
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Put the generating ſemicircle AGF a, 
baſe FD==6b, radius OG gc, CG=s, OC Dx, 
ordinate CB==y, and arch AG=z; and let 
the point g be ſuppoſed indefinitely near to 
G, and ng n to CF, that 1s, let Gn 
=, ng—x", and gG=2', Now, if the 
Increment Gg be ſuppoſed a little right line 
perpendicular to the radius OG, the right 
angled triangles OCG and Gng will be ſimi- 
lar; and therefore, by 4 E. 6. OC: CG:: 
Gn : ng, that is, x: 5 :: “: x', or (art. 3.) 


n . By the known pro- 
perty of the curve, 4: b:: : ob there- 


. CG+GB=i+E=my; the Fluxion of 
which equation, dn the Fluxions 1 


and z are negative to each other, 1 4— 


- Hence, j=—=4 = that 1s, (becauſe 


by 


baſe FD, which ſaid baſe muſt evidently be equal and parallel 
to fd: through the center o draw Myr parallel to the diameter 
2 and with the radius oB deſcribe the arch BM : then will 

e arches AG, MB, and RK, be equal, and BCG; and 
therefore, GRC. = (by the generation) arch 4; but, 
ſemicircle AF: ſemicircle af :: arch RK : arch A; therefore, 
ſemicircle AF: fd or baſe FD :: arch AG : GB; which is che 
property ot the Cycloid. (See art. 35.) 

This Curve may, with propriety, be called an interior cyclic. 
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by 47 E. 1. SST DIET) Sa xx 


— 5 


4 But, by 4 E. 6. 5: c:: *: 2; that is, 
a 


Cx 


-K f:: ===; Wherefore, 


CES Ee SP. a 
by ſubſtitution, y=( 2 PA; 
— bc 


— -. Now, the Fluxion of this 


4.c . — & [2 


equation, making both & and 5 =, is o= 


1 4 
— x4 


8 


. X - &ð& c 
c — & 2 


— « 
—— 


es. ati Oats af | 


4 6. 
; 3 4 
that is, (by reduction, ) o — be ; 
| a. c — K 4 

whence, o>S—ac-+-bx, and therefore & 


ac | 
J. 


Or *, Put the generating ſemicircle AGF 
Da, baſe FD=b, radius OG—c, and OC 
=; and let gb be ſuppoſed indefinitely near 
and parallel to GB. Now, it 1s evident, 
that, at the point of Inflection B, the angle 
made by the tangent and ordinate muſt be 
a Maximum; that is, at the ſaid point, the 
Bb 


— — c — 5 


* Invented Ane 1760. | 
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Z Bbv is a Maximum. But, by the nature 
or generation of the curve, a: b:: Gg or 
By : v6; and, by Trigonometry, bv : vB :: 
$.2.vBb : 8.4 Bbv; therefore, the ſaid Z Bby 
is the Greateſt when vB is perpendicular to 
Bb. Conſequently, at the point of Inflec- 
tion B, the tangent is comcident with the 
radius oB; and the triangles Bvb and 7oB or 
COG are ſimilar : therefore, by 4 E. 6. By 
: vb :: CO: OG; that is, a:b::x:c; 1x 


=—=0C as before. 


Corollaries. 


1. At any point B in the curve, if to the 
correſponding point G in the circle, we 
draw the right line TG perpendicular to the 
radius OG, making TG: GB:: a : , that 
is, if TG be made equal to the arch AG; or, 
if Bæ be made equal to the radius Os, and 
* be drawn parallel to the tangent GT and 
equal to the radius OA ; then will the right 
line drawn from T or 2 to B be a Tangent 
to the curve at the point B. For then the 
triangles TGB or 2xB and Bus will be ſimi- 
lar; and therefore, &c. 

2. If the right line AQ be drawn perpen- 
dicular to the radius Oa; then, when the 

point 
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point Q arrives at the right line fd parallel 
to the baſe FD, the point A will be in the 
point of Inflection B. For, ſince at the 
ſaid point of Inflection, X=— ; by ana- ; 
logy, 5:@::c: x, that 1s, ſemicircle præ: 
ſemicircle BRK :: oB: of; therefore, the ſe- 
micircles being as their radii, o: B:: Bo: 
of, that is, ot or OC is a third proportional 

to the radii Of and OF, and the triangles 
70B and Bot are ſimilar. Conſequently, B 
is perpendicular to po; and therefore, &e.— 
Hence the following 

Conſtriiction. 

Make DR arch fe; draw r M through 
the point R equal and parallel to A; make | 
oR—OF ; and laſtly, deſcribe the ſemicircles | 
MR and or: then will the interſecting point 
B of the ſaid ſemicircles be the point of In- 
flection required. 


EXAMPLE II. 
66. To find the point of Infection B in the 
Conchoid of Nicomedes AB &c. * 
Put PE==4, EA, EC x, and CB 


— & 


D); then (art. 3 3.) — [parry Now, 
the 


o See the generation of this Curve, art. 33. note. 
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the Fluxion of this equation, making 
both * and y =, is (by reduction) o 


2ab*x—gab*x*—b*x* . 


x* ; therefore, 246*— 


x*xb*— 5 
zar - o; by which equation, x, and 
conſequently the point B, may be deter- 
mined.— And, if a b, it will be 2a — 3a 
-& o; which divided by a+x, makes 
24*—24ax—x*=0; from which quadratic 


1 
equation we have x= 34 —3. 


Conſtruction. 


Make Pn. PE; draw the indefinite right 
line am perpendicular to P;; make Es— 
EA; draw the right lines r and P paral- 
lel to each other and perpendicular to the 
right line mr ; make Et = EA; and parallel 
to S draw the right line C: then an ordi- 
nate drawn from the point C will fall on the 
point of Inflection B. For, by 4 E. 6. CE: 

2ab 


Et :: Pn : nm, that is, x: G:: 4: n; 


246 


i | 246 
and Px: nm : : mn : ur, that 1s, : — :: 
* 


Ane; again, E: EC :: E: Er, that 


5x 
is, G: x :: 2b; K* Er; therefore, (2E be- 
O ing 


- 
- i . 
4 w bh 
3 — — > — — — 
. —— — . * C 
- - : . — 
— 7. = N — — . - - __ 
— . _ — — 6 — 
2 
2 n 2 — — — 
— — _ * > - — _ - 
3 — pe . > — — a a 
— — —— — — _ = 
—— — — — 
—— —_ » 
= — 
— — — 
- - * —— 2 2222 2 * 
— * = = 
# ” WV 2 — 2 bs. 
* - — 5 — o PF 
* 9 
Fe 


[| 
'. 
1 
1 
1 
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2ab* 


ing a) nr a- zx. Hence, ——= 14 


+:x, and therefore 245. ax x, or 
2ab*—Jax*—x*=0. 

Or, 
| When = ; make Po PA, and PC 
Ev: then will C be the point in the ab- 
ſciſs from which the ordinate to the point 
of Inflection muſt be drawn. For then 


Pv. PEN EV APCJ and there- 
fore, 2 


Birr . 
57. To find the point of Iuflection B in the 
Fig. Curve ABV, whoſe Equation (putting 
the abſciſs AC x, ordinate CBS y, and 
the perpendicular AE a,) is ax*—a*y 

+ x*y. 
The Fluxion of the equation of the curve 
15 20XX=4a*jo+2xxyF+x*5 ; therefore, 3. 
24XX—2XXxy ax* 


= that 1s, (by writing . 


-; and the Fluxion of 


for 


PSS 24*xx 
y it _— 
this equation, making both & and y So, is 
. 
a K* ; 

which 
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which multiplied by a*+x*\*and divided by 
24 *, gives o = a*bx*}*—4a*x*—4x* ; 
therefore 4x*+40*x* = a*+x*\* which 
equation divided by x*+a*, makes 4x 
a*+x* ; therefore, 3x*—a*, and x= 
and, if this value of x be ſubſtituted for it 
in the given equation of the curve, we ſhall 


have y, or, the ordinate at the point of In- 
flection = 5d. 


Conſtruction. 

Make Ac = AE; and with the radius eE 
deſcribe the arch EC: then will C be the 
point from which the ordinate to the point 
of Inflection muſt be drawn. For then eC 
Aa, and by 47 E. 1. Ce* — A AC, that is, 
242 — i =AC*=x*, or x. 

Note. 


Ir it were required to find the Aſymptote 
to the curve :—Suppoſe the abſciſs and curve 
to be indefinitely extended : then, becauſe x* 
will be indefinitely near to equality with 45 
T, we ſhall have y (which by the equa- 

K * 
a*+x* 
near to equality with the given right lihe a; 
that is, y will then be Sa, minus a quantity 

| O 2 in- 


tion of the curve is N 


„ indefinitely 


" 
J 
? 
'F 
i 
: 
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+ 4 
4 4d 
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indefinitely ſmall. Wherefore, if from the 
point E a right line, EZ, be drawn parallel 
to the axis, AX, it will be the Aſymptote 
required. 

SCHOLIUM. 

68. In any Curve, in order to know whe- 
ther it be concave or convex towards any point 
aſſigned in the axis; find the value of 5 at 
that point: then, (art. 61.) if this value of 
5 comes out Poſitive, the curve will be con- 
vex towards the axis; and if it comes out 
Negative, it will be concave. 

Thus, in the laſt Example, if it were re- 
quired to find whether the Curve be at firſt 
concave or convex towards the axis :—Sup- 
pole a = io, and make x=, or x any 
number leſs than a i or 10 ; then, 
becauſe 3 may here be conſidered to be al- 
ways as & +x*] —qa*x*—4x*, the expreſ- 
ſion for y will come out Poſitive; and there- 
fore, the curve 1s at firſt convex towards the 
axis: And, when x—6, or x = any num- 
ber greater than 4 / or 10 , the ſaid 
expreſſion will come out Negative; and 
therefore, then, the curve will be concave 
towards the axis. 


CHAP. 
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CHAT; FH 
Of finding the Radius of Curvature, 


69. AS the curvature, or convexity, of all 
curves, but circles, varies in every point z 
therefore, if circles are deſcribed coinciding 
with a given curve in any number of points, 
the Radii of theſe circles will be different: 
And the finding of theſe Radu is the buſi- 
neſs of this Chapter, 


70. AND, becauſe all curves, but circles, 
are formed or generated, or may be con- 
ceived to be formed or generated, by the 
evolution, or winding off, of ſome other 
curves; therefore, the centers of the circles 
which coincide or have equal degrees of cur- 
vature with the different Points or rather 
Increments of the curves thus formed or 
generated will always be in the curves to be 
unwound ; which curves are called the Evo- 
lutes; and the others formed or generated, 
or conceived to be formed or generated, by 
their evolution, are called the Involutes. 

71. Thus, let DEF be any curve, called Fig. 
an Evolute; round which conceive a thread 44. 
to be wound and extended beyond the curve 
from D in a right line to A; and let this 

thread 
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thread be evolved, or wound off, from the 
curve DF, ſo that it be continually ſtretched 
at it's full length as it leaves the curve: then 
will the point A generate, or deſcribe, the 
Involute curve ABV; and the right lines 
AD, BE, VF, will be the Radii of Curvature 
at the points A, B, Y, reſpectively. 


Corollaries. 


1. The radius of curvature BE will al- 
ways be equal to the length of the curve ED 
and right line DA: And, conſequently, if 
the vertical diſtance, or ſhorteſt radius DA, 
vaniſhes ; that is, if the radius at A be no- 
thing ; then, the Involute curve will begin 
at D; and the curve DE will be equal to the 
radius of curvature at the point B. 


2. Becauſe (18 E. z.) the radius of a 
circle is perpendicular to the tangent, the 
radius of curvature at any point B 1s al- 
ways perpendicular to a tangent at that 
point. 

3. The radius BE, which is perpendicular 
to the Involute at the point B, is a tangent 
to the Evolute at the point E. 


PR O- 
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PROBLEM, 
72. To deduce a General Expreſſion for BE 
the Radius of Curvature at any point B 


in the Involute Curve ABV whoſe Axis is 
AX and Evolute DE. 


Put the abſciſs Ac x, and ordinate CB 
Dy: and ſuppoſe E indefinitely near to 
BE, bc indefinitely near and parallel to BC; 
and Bm parallel to AX; that is, let Cc or 
Bux, and =. Then, Bb being con- 
ſidered as a little right line coinciding with 
a tangent to the point B, the right angled 
triangles Bnb and BCH will be ſimifar; (for 
2 EB}—/ CBz, and therefore, the EB 
being common, the 2 s Bb and CBH are 
equal; ergo, &c.) and, the C Bbm being right, 
the right angled triangles unb and bnB will, 
by 8 E. 6, be ſimilar alſo. Wherefore, by 
n BC: CH, that w, x: 


- — CH; and therefore, by 47 E. 1. 
* 


BH=BC*FCH\\: — y*4+23 
x'*+y'*)z ; allo, Alx. Ts Again, Bu 


. of 2 
:nb:; bn: nm, that is, x': 5 8 ar r 


— . — é or TIO wy F F. — — 
ay 4+ 3. bv d _ = 2 — 


Pi -— gary 0 as i 
os * . N I 
1 * — . , 
4 - — n an oe» x 
Þ * — 
— — - 
P FS 


42 
iis 
EY 
3 

1 


— 8 1 . 
- 4 y — 
— w b be — 
— — — — — 
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— — 
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B= +. Now, becauſe the Direc- 


tion of the curve ABT approaches conti- 
nually nearer to a Paralleliſm with the axis 
AX; therefore, if we ſuppoſe the abſciſs 
(AC x,) to flow with an equable or uni- 
form motion, that is, ſuppoſing * or ⁊ to 
de in variable, or always of the ſame value; 
then, the Increment of the ordinate (CB, 
or the Velocity or Fluxion with which it 
flows, maſt continually decreaſe; that is, 
the Secand Mam or Second Fluxicn of 7 will 
be negative: and therefore, H, the Incre- 


ment of AH, viz. the Increment of +2, 
will be =x+ Now, the triangles 


= 
EBmz and EHB are evidently ſimilar; there- 
fore, Ew Hb: B:: : (BE—HE=) BH : BE, 


Tr Wo 7 — 
that 18. — * —— Sn X11 — 


Or, With the radius EB deſcribe the cir- 


Fig. cular Arch EK, which Arch will therefore 
hd have the fame Degree of Currature with the 


Invotcte Curve AB at the poant B. Draw 
the 
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the radius EK parallel to the axis AX; and 
produce the ordinate BC to L, to which 
draw AN parallel. Put the abſciſs AC x, 
ordinate CB Dy, radius EB or EK r, 
KN Da, and NA=6b; then, LE=r—a2a—x, 
Now, if we ſuppoſe the abſciſs, x, to increaſe 
uniformly, and Bm to be a tangent to the 
point B; then, if we draw mn parallel to 
BC, and Bu parallel to AX, by art. 24. Bn, 
um, and mB, will be as the Fluxions of the 
abſciſs, ordinate, and curve, reſpectively ; 
that is, Bu will be as x, um as y, and (be- 


cauſe by 47 E. 1, Bu Bu Tn f, ) Bm as 


K +57 . Now, the triangles Bum and BLE 
are ſimilar; therefore, by 4 E. 6, Bu: nm 
: BL: LE, that is, x: : y+6: r—a—x; 
D ee = 545. the Fluxion of 
which equation (ſuppoſing x invariable, and 
therefore, the direction of the curve AB con- 
tinually approaching towards a paralleliſm 
with it's axis, the Fluxion of y as negative,) 


is —#*=j*—yj—bj ; e . 
Again, by 4 E. 6, LB: BE:: 1B: 1 that 


IS, bby: ria: 35 Fn; * A 


which ſubſtituted for b4-y makes 5 above 
P * 


N 1 
. 
10 
N 

I 


ö 

. 

| 

|| 

. 

| F 
Ml - 
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1 IS p . od TT „17 72.07 x 
K 7 = 22 N ci; ©. X 
' rz. that is, S * . 


5 A e „ as before. 


e 3. Note. When the abſciſs, x, flows with 
an uniform motion ; it follows from art. 61. 
that the ordinate, y, flows with a retarded 
motion when it increaſes and the curve is 
concave, or when it decreaſes and the curve 
is convex towards the axis; and with an ac- 
celerated motion when it decreaſes and the 
curve is concave, or when it increaſes and 
the curve is convex towards the axis. Now, 
when y increaſes with an accelerated mo- 
tion, or it's Second Fluxion is affirmative, 
he Generel Expreſfigti for the nf of 


Curvature will be — — where the 


Negative ſign ſhews i it's &.»- 


74. Hence, becauſe we may ſubſtitute 1 
for any invariable Fluxion *; if we put 
. 


* The ſubſtituting «rity, or 1, for an invariable Fluxion, 
has no other effect than it's making the operation leſs labori- 
ous; and, in reality, it is no — * than making ity the 
Standard of the other Fluxions, or reducing the other Fluxivns 
to a compariſon with 1. 
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K I, the General Expreſſion for the Radius 


of Curvature will be = 7 = 1" when y in- 


crenles with a Retarded motion, or it's Second 


EIN 


increaſes with an 6 motion, or it's 
Second Fluxion is Affirmative. The former 
takes place when the curve is Concave, and 
the latter when it is Convex towards the 
axis. Wherefore, if we put the Equa- 
tion of the given curve, expreſſing the rela- 
tion between the abſciſs x and ordinate 9, 
into Fluxions, making & =I; or, from the 
nature of the curve, find the value of K! 
in terms of x, y, and y; and then put this Wi 
fluxional Equation into Fluxions again, (till 77 
ſubſtituting 1 for x, and making the Fluxion i 
of j Negative when the curve is Concave, wal 
and Affirmative when it is Convex towards 5 
the axis; from thence the Values of the /e- fl 
ond and ſquare of the firſt Fluxions of y may PYF 

be determined : which being ſubſtituted for [kl 
them in one of theſe two general expreſſions, tt 
viz. in the former when the Fluxion of 5 is 
Negative, and in the latter when it is Affir- 
mative; we ſhalt have a definitive expreſſion 
SETS» P 2 for 


| REG, is Negative; and when 5 


| 
| 
' 


| 
| 
| 
| 
ſ 
| 
: 
' 
| 


oy 4 
S * + 
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for BE, that is, an expreſſion for it free 
from Fluxions, or, the Radius of Curvature 


required. 
Note. 


5. Tux Vertical Diſtance, or Radius AD, 


may be obtained, by writing for x and y their 


values, in the General Expreſſion for the Sub- 


* CH, which was found in art. 72. 
(== that is, by writing x for xi, and y 


for " ==; or, incking Sl, by ſubſti- 
tuting the * of 5 in yy, that is, by mul- 


tiplying the value of 5 by y; and then mak- 
ing y yaniſhin the definitive expreſſion which 
will then be found. For, the expreſſion 
for the Subnormal CH being the ſame at 


whatever point in the curve B 18 taken; 
therefore, if it be taken at A, where ) va- 


niſhes or becomes So, the point C muſt of 


conſequence coincide with the vertex A, and 


the points E and H with D: therefore, &c. 


 ExAMPLE J. 


Fig 76. To find the Radius of a at any 


point 3 in the Parabola AY. 


Put the parameter a, abſciſs Ac x, 


and ordinate CB==y, Now, by a well 
o 4 known 
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known property of the curve, ax==y* ; the 
Fluxion of which equation is ax==2yy, or, 
. x==1, it is 2; therefore, y== 
Z=—=—, for y is = ax1* b the equatio 
2) 2xans « N 
of the curve: And, the Fluxion of this 
equation again, (the direction of the curve 
approaching continually towards a paral- 
leliſm with the axis, and therefore the Flu- 
xion of 3 being b 2 61. } * 
— a 


A4 I 
. Now, if for j* and 5 we ſubſtitute 
4xax\* 


y * 
theſe their values, we ſhall bar , the 
general expreſſion for the Radius of 


C 
2 
+= 4507 


_ 


Conſtruction. 
Through the p int B deſcribe the ſemi- 
circle ABn; biſect Cn in H; make Hr= 
2AC; 
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2AC; and drop the perpendicular E, ter- 

minated by the right line BE drawn through 

the point H: then will BE be the Radius 

of Curvature at the point B. For, by 3 55 E. 3. 

BC*=ACxCn, * 0 that is, == 
AC x 

a Cn, and therefore CH= 24, and Cr 


20 + 2x : by 47 E. 1. HCN — BH, 
that is, 5@*+ax|*=BH; and by 4 E.6. CH 


7 : HB :: : Or : BE, that 1s, 24: 2 Fan* 
& + 

za fax: AE x; 58 = —.— = 

BE. 9 


a Note. 
775 By writing for y it's value - 5 Jin 95, 


(art. 75; ) we have 8 — or 24. A0 the vertical 
Diſtance. Which * truth may be in- 


ferred from the expreſſion for the Radius 


BE; for, when the ſaid Radius becomes 
the vertical Diſtance, that is, when the 

int B coincides with A, x vaniſhes; and 
(retort, by ſling 4ex: out of the ſaid 


| 2 
exprettion,” we have DT =; 3 As before. : 
"Ls 
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EXAMPLE. II. 


78, To find the Radius of Curvature at any Fig. 
| Point B in the Cychid ABD ®. 47. 


Put the radius OF or OD a, abſciſs 
AC Dx, ordinate CB==y, fine IG==s, and 
arch FG=z. Now, by 35 E. 3. 10 = 


DIxIF 15 that is, = 2 - the Flu- 
xion of which equation is .: And 
by the nature of the Cycloid, (art 35.) arch 
DG=GB; and therefore, arch FG=GI-4- 
AC, or AC arch FG l, that is, x=z 
—5= (by ſubſtituting for s it's above value,) 


Z—2ay—y* N and the Fluxion of this equa- 
tion, making * 1, is 1 . 
2ay—y*|* 
But (art. 72 Ji=PIJjV= = writing for; 
— ay 
8 7 A 
it's a due value,) a — +5: 73 


2a — J 
which Wow, for E makes the above 


equation 12. .; that is, 
55 2 


12 


* * r — 


* See how this — may be generated, art. 35. note. 


— 
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1 8 therefore FRED z and 
r= 9 

the Fluxion of this equation (the Flu- 
xion of j being negative,) is — y = 
= nw =D | 
. by 


„ 


writing for 7 it's equal, ) * that is, 5= 


. Now, by ſubſtituting we for *. 


8 3 == 2.2ay\* — BE 
a 
the Radius of Curvature required. 


| Conſtruction. 

Make FH=GB; and through the point 
H draw the right line BE, making BH 
HE. chord GF: then will BE be the Radi- 
us of Curvature at the point B. For, art. 3 5. 
a tangent to the point B is parallel to the 
chord DG, and by art. 7 1. corol. 2, the ra- 

; o od 8m : dius 
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dius of curvature is always perpendicular to 
the tangent; therefore, becauſe by 31 E. 3. 
the DGF is right, BE muſt be parallel to 
the chord GF. Now, by 4 and 8 E. 6. 
DF: FG:: GF: Fl or CB, . GF=DFxCB}- 
==2ay If and 2GF=2.20)*=BE. 

Note. 
29: By art. 75. if we multiply the value 


of y, viz.-2 2 0 , by y; we ſhall have the 


Subnormal HIT * which, when y 
vaniſhes, becomes So, and equal to the 
vertical Diſtance: ſo that the Vertices of 
the Evolute and Involute curves coincide. 


ExAMPLE III. 
80, To find the Radius of Curvature at any Fig. 


point B in the Curve AD; whoſe nature 48. ; i 
is ſuch, that, the Triangle CBT, made jt | 
of the Ordinate, Tangent, and Subtan- ThE 
gent, is always proportional to the Ordi- q 0 
nate CB; or, whoſe Subtangent CT is Al | | 
equal to a given line =a. (See art. 36.) 10 


Put GC x, and CB y; then, by art. 25. 
EJs: that 1s, if x be made , 2 43 


4 4 
Q - 
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* f =: - ; therefore, y =, and FORE 
here y flows with an accelerated motion, or, 
it's Second Fluxion is affirmative, ) 5 that 
is, (by ſubſtituting —for y it's value,) 22 . 
2 * 
Now, by writing for j and y theſe their values, 


, (art. 74.) we have — = 


MAL : 

1 9 — 
1 
—.— the Radius of Curvature ſought: 

Where the Negative ſign, only ſnews, that, 
the Evolute and Radius of Curvature lie on 
the other ſide of the curve with regard to x 
and y. 

| Confirutiton. 

Draw Bu parallel to CT, Tu perpendicu- 
lar to TB, AE perpendicular to aB, and BE 
parallel to Tz: then will BE be the Radius 
of Curvature at the point B. For, by47E.r. 


BT=TC*FCBY*=3*Fy" * and by 4E.6. 
CT : TB:: TB: By, that 1 is, 4: 4 FF x: 

a TR £ 2 9 and, CB : BT :: 4B 
| : BE, 


1 
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: a 2 - 2 Z 
: BE, that is, y: a : 8 2 2 — = 
SBE. | 


E x AMP LE IV. 

81. To find the Radius of Curvature at any Fig. 
point B in the Curve AD; whoſe nature 49. 
is ſuch, that the Tangent BT is every- 
where equal to a given line Sa. 


Put GC x, and CB=y; then, by 4 E. 1. 
TBN cr. that is, a*—y* * =CT 


= (art. 25.) 5 z or, making x=1, - 


12 2 5 therefore Sam. 


4 —5* 


J a*—y7* 
and (becauſe the Fluxion of y is affirmative,) 
g 


52 4 —5 Wh. 


that is, by ſub- 
3+ 


ſtituting for y it's value, y— — e iv 


a — 1 
a*y 


Now, by writing for y* and 5 


A —y* 
3 


. 


theſe their values, in A 1 (art. 74.) we 
* have 
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2 729 3. 

* 1 N . 
og XA Jy | AV x a" * 
—4 : —&'y 
50 4 —90 * the Radius of Curva- 


ture required: Where the Negative ſign 
Mews it's poſition, 


have 


Conſtruction. 


On the extremity of the ſubtangent, T, 
erect the perpendicular TE; and draw the 
right line BE perpendicular to the tangent 
TB: then will BE be the Radius of Cur- 
vature at the point B; or, the point E will 
be in the Evolute curve. For, the triangles 
CBT and BTE will be ſimilar; and there- 
fore, by 4 E. 6. BC: CT :: TB: BE, that 


18, y : 2 — : 4: x 4 E. 
9 


82. Tux General Expreſſion for the Ra- 
dius of Curvature found in art. 74. being 
only for Curves referred to an Axis; we 
ſhall now deduce one for Sp7irals, or thoſe 
Curves whoſe ordinates are referred to a 
fixed or central Point. 


* 


83. 
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83. LET CBY be the Curve; C the cent- 
ral point, or that from which all the ordi- 


nates iſſue ; and BE the Radius of Curva- Hg. 


ture at the point B, that 1s, let the point E 50. 
be ſuppoſed in the Evolute curve: conceive 
Ch and Eb indefinitely near to CB and EB, 
that is, let the points B and & be ſuppoſed 
indefinitely near to each other; and let CF 
and Cf be perpendicular to EB and Eb re- 
ſpectively : then will the points F and er be 
indefinitely near to a coincidence; and there- 
fore, art. 7. Br and Cr may be taken as equal 
to BF and CF. Now, if with the ordinate 
CB, as a radius, the little circular arch Bu 
be deſcribed and conſidered as a little right 
line perpendicular to C5; and the Incre- 
ment Bb be conſidered as coinciding with a 
tangent to the point B; then, the little right 
angled triangle Bnb will be ſimilar to the 
right angled triangle BFC; (for CBA 
EBC; and therefore, / EBz being com- 
mon, the / CBF=2 Bb; and conſequently, 
the angles at F and being right, BCF 
CBön;) therefore, by 4 E. 6. B: Bn :: CB 
: BF; that is, (if we put the ordinate CB==y, 
Bu x,, and nb=y', when by 47 E. 1. Bb 


will 


= — . — = TE 2 £ * — 
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will be — PY, ) : - : 

F or B/; And BEG: 45 15 
——— | 3 

: CF, that is, D: 1 5:2. 

xt ys 

== CF or Cr; the Increment of which 

is rf; that is, (ſuppoſing x' to be inva- 


ef 2X 
2 7a) * 
riable) — 1 — — 
n 
1257/2 14 27 
= — we, 22 e Again, the tri- - 


angles EB/ and Erf being ſimilar, Bb—7f : 


BB:: (BEE, or) 7B: BE; that is, CEE 
r 


* 7 ** * 7 LEAN -4 


5 al 2 N _a'y IX 5 
ee 


—ÞBE; or, art. 7. BE= = waits © \* ; which 
* 

is a General Expreſſion for the Radius of 

Curvature of all Curves referred to a fixed 

or central Point, when & or & is inva- 


riable. 


1 


84. 
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84. Hence, if x be made =1, the Ge- 
neral Expreſſion for the Radius of Curva- 


vature will be = 21. * . —— Where- 
ry 

fore, if we put the Equation of the given 
Spiral into Fluxions, (making ,) and 
put this fuxioal Equation into Fluxions 
again ; and from thence, or from the na- 
ture of the curve, find the values of j* and : 
then, if for ) and y we ſubſtitute theſe their 
values, in this General Expreſſion, we ſhall 
have BE the Radius of Curvature required: 
As in the following Examples. 


BTT AMPIRE I. 


35 To find the Radius of Curvature at Fig. 
any point B in the Spiral of Archimedes, 51. 


CB &c x. 


Put the circumference of the generating 
circle AF &c. Sa, and it's radius CA—6 ; 
ordinate CB—=y, arch AF =. Let Cf be 
ſuppoſed indefinitely near to CF, that is, let 
the 7. FCF be ſuppoſed indefinitely ſmall ; 
and with the ordmate CB, as a radius, de- 


ſcribe the little circular arch Bz, which put 
==x7 5 


* See how this Curve is generated, art. 39. note. 
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==x'; alſo, put Ff—2'. Now, by the na- 

ture of the curve, 4: b:: 2: 9, Or 2 

the Fluxion of which equation 1s 2=0 

And, by the ſimilar ſectors CBM and CF, 
/ 4 

y: *:: 6: . or, art. 7. Sn OX . Hence 

J b 4 


bi wa: lis ner) La, 
mms that is, (making & =I, * 


from which equation we have j== - there- 


3 þ+ 3. —ab'y _ f 
fore y — and y= * (by writ- 
ing for y it's value, ) _ And, if we 


ſubſtitute for 7 and 5 theſe their va- 


lues, we ſhall have 8 D (art. 84.) 


3 
þ+ J* . 
5x14 a*y* WL 
. + I 
- Fs Fr ay H20b+— BE, the Ra- 
| W Tay | 


dius of Curvature ſought. 
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conſtruction. 


Through the center C draw the indefinite 
right line Hv perpendicular to the ordinate 
CB; draw the tangent TB, perpendicular to 
which draw BH ; produce BC to V, making 
BR TH, and RV=CH; with BV and BR, 
. as radii, deſcribe the arches Vv and Rr; draw 
the right line vB; and from the interſecting 
point r draw 7E parallel to vH: then will 

BE be the Radius of Curvature at the point 


B. For, (art. 39.) CT=2-, that is, by 


Og 2 4% r = | 
ſubſtituting 5 for &, CT 4 and by8, 
and 4 E. 6. TC: CB r: CB: CH, that is, 
. TELE Z =CH; therefore TH=BR 
=L +£ and BVB 34 


and, by 47 E. 1. nN c 
y*+ ST Lag = . Again, by 4 E. 6. 


By: BH :: By BE, that is, 7: W.. 


ay ; * 


—— . — 1 * . 
— — 
s — Py — 
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F- i cr 
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FI : 2 4 2＋4 A ay + b+ 
a * —ͤ ——-„— 


8 25 22 == EE. 


3 ET AM IE I. | 
Fig. $6. To ſind the Radius of Curvature at any 
52. point B in the Logarithmic Spiral CBY ; 
whoſe Equation: (putting the ordinate CB 
, curve CB, and à and 6 for two 
given quantities, )'15 . =. (See art.40.) 
The Fluxion of the equation of the curve 
ig eh therefore i=. Let the angle 
BCõ be ſuppoſed indefinitely ſmall ; and 
with the ordinate CB, as a radius, let the 
little circular arch Ba be deſcribed. Now, 
if we conſider Bu as a little right line per- 
pendicular to Ch, and Bb as a little right 
line coinciding with a tangent to the point 
B; then, by 47E. 1. Bi B Tub FF, that 
is, (putting Bu , nb=y', and B,) 
2'==x" , or, by ſubſtituting the Flu- 
xion for the Increment, z==x*+5* *, that 
is, (if we put #=1,) ITE. Hence 


— 


a 


DocTRINE of Froxfons, 123 


rf :; = 4 


= i+j*; and this produces j* = ——, == 


therefore, y= - z and, this a an 
omg af 

invariable quantity, therefore y==0. Now, 

by writing for y and 5 theſe their values, 

the general EI for the Radius of Cur- 


yature, viz 1. obs 2M k art. 84. will become 
x49 J*—Yy 


TE — 5 5 
— , X 5 — . | =YX ry 
LAN -— iis | Faq 
= BE, the Radius of Curvature required. 
| Conſtruction. 
Draw the tangent TB; perpendicular to 


which draw the right line BE, terminated 
by the fubtangent TC produced: then will 


the point E be in the Evolute curve; or, the 


right line BE will be the Radius of Curva- 
ture at the point B. For then (TE being 
perpendicular to the ordinate CB,) by 8 E. 6. 
the triangles CTB and CBE will be ſimilar; 

F R 2 and 


— 4 
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and therefore, by 4 E. 6. CT: TB:: CB: 
BE; that is, (becauſe by art. 40. CT: TB 


. Fan: % Fat: 8 :Y 29x 
BBE. 


— 1 


— * 


CHAP: VII. | 
* finding the Nature of the Evolute of a given. 
Involute Curve. 

As it is abſolutely neceſſary for the Learn- 
ex to be well acquainted with the foregoing. 
Chapter before he enters upon this; we ſhall 
not here define the meaning of Evolute and 
Involute curves, it being ſufficiently explain- 
ed therein. . 

87. Lr BE be the Radius of Evolution 


— — 
ht «4 


53. (or Curyature) at any point B in the Invo- 


lute curve AB, whoſe abſciſs is AC=x, and 
ordinate CB—=y. Parallel to HA draw EN; 

produce BC to L; and, equal and parallel 
to CL, draw DN from the vertex of the. 
Evolute DE, Then will the triangles BHC 
and BEL be ſimilar; and therefore, by 4 E. 6. 

BH : HC :: BE : EL, that is, (by « art. 73 


and.7.) 25 N 25 . j x 


Bp EL; and HC: CB EL: LB, 


that 
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that is, 2 * 1 2 — = LB, 
Now, theſe are Gd Expreſſions for EL 


and LB, when * is conſidered as invariable, 
and the Fluxion of y as negative. Hence 
therefore, 

88. Ir K r, and the Fluxion of y be 
negative; the General Expreſſion for BL 


will be = == , and this multiplied by 3 


78 JX—=— . == = the General Expreſſion for 


LE. N ow, * help of the Equation of the 
given Involute curve, exterminate y, y*, and 
J, out of theſe expreſſions, as in the preced- 
ing Chapter; and, by art. 7 5. find the ver- 
tical diſtance AD. Then, if we put the ab- 
ſciſs of the Eyolute DN n, and it's ordi- 
nate NE =; by help of theſe two equa- 
tions, u==BL—BC, and v=AC—AD+ 
LE, we may get the Nature of the Evolute 
curve DE required. 

89. Note. If the given Involute be con- 
VEX towards it's axis, and x and y increaſe 
together, or the Fluxions of x and j be both 
affirmative ; - then, the General Ex preſſions 


for BL and LE will be 4 So and j x 


Te- 
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reſpectively ; wherein, the Negative fign 
ſhews, that, the points L and E muft be 
taken on the Concave ſide of the Involute 
curve, that is, on the other fide of it with 
regard to x and y. 


EXAMPLE I. 


go. To find the Nature of the Curve DE, 
by whoſe Evolution the Parabola AB is 
deſcribed. 


Put AC=x, CB=y; and DN, NE 
Su. Now, (by art. 76.) J= 


77 Yaz 
2Xax\* 


8 2 
and 7 
* Sat 


and y, being ſubſtituted for them, make the 
(inal Expreſon 4 for BL, viz. = (art. 


1+< = 


83.) become — _+ . 


4 * 


and that for LE, vi. ME ape 


4« „ af. 
7 * - = 2 16. Hence, 2 
2Xax| 


= 


_ = | _ m9, l 1 
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(==BL—BC) 2 O or) 4 


e 2 and (becauſe by art. 77. the 
vertical diſtance AD is ,) v (=AC— 
AD-+LE) =x—ia+2x+ia=73x. Now, 
the former of theſe two equations produtes 
* n and, the cube of the latter, di- 


vided by 27, is n : therefore; 77 
* , and _ Su; which is the equation 
of the Curve DE, expreſſing the relation 
between the abſciſs and ordinate; and, the 
Equation of the Semicubical Parabola 
(whoſe parameter is =) being the ſame; 
therefore, the Evolute DE is a Semicubical 
Parabola, whoſe vertex is D. 
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n 

Fig. 91. To find the Nature of the Curve AEP, 
by whoſe Evolution the Cycloid ABD is 
deſcribed *. 


Put AC=x, CB, arch FO s, and 
OD or OF az; then 2 7 — , 


= 5 , and j== _ : Wherefore, (art. 
„ Ir 
68.) BI. 4. — = 25, 
9 . 
| EY 27 | 
and LE = jx BL = _—_—— 2y = 


2,2Gy—y* 5, Hence, if we put the abſciſs 
 AN=z, and ordinate NE, we have « 
(=BL—CB=) 2 es, and v= (AC+ 
LE.) x+2. 2 , that is, (becauſe, 
art. 78. x==2—2ay—y N — IN; 
or, (writing « for y it's equal,) v=2 + 


2aU—u* | 2. Wherefore, the Evolute curve 


AEP is a Cyclad, and equal to the given 
* 


ee in what manner a Cycloid is generated, art. 3 5. note. 
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Cycloid ABD. For, let AS—=SV==a; then 
(AN being —FI,) AT=FG=z, and NF 


SD- lG; and therefore AT, TN 


Le, that is, AT TN NE; 
which is the property of the Cycloid: there- 
fore, the Evolute AEP is a Cycloid; and, 
becauſe AV FD, therefore the Cycloids 
AEP and ABD are equal. 


ExAM p 42 III. 
92. To find the Nature of the Evolute of Fig. 


the Curve AD, whoſe Tangent BT is 55- 
every-where equal to a given line . 


Let BE be the Radius of Curvature at 
the point B; then (art. 81.) if a perpendi- 
cular be erected on the point T, it will paſs 
N hrough. the point E; wherefore, when the 
point T coincides with F, that is, when the 

, tangent and ordinate. become equal, or the 
points B and D coincide, the point E will 
Mee coincide with D: conſequently, the 
Vertex of the Evolute coincides with that of 
the Involute. 
Put GF, GC gx, CB Ay, DN u, 


and N E=v 3 then, 6 (art. 81 53 — IN 


\ 
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2 y* t 5 y E 
7 , and 5 : Wherefore, 
Bo 6 


: e eee 2 * — 
(art. 89.) EATS 


£2 22, and LE = j x BL = 
* 2 9 —y 

— X . £699 FOR — a —y* 7 ; that is, 
— 77 | 

(becauſe the Negative ſign only ſhews that 
the points L and E muſt be taken on the 


Concave fide of the Involute curve DA,) 


1 and LE —=a*—y* *, Hence 
7 


we have 2 = (LB4BC—DF=) — + 


J—@, which equation gives y= F. 


upae 
therefore 5 — — EX ; alſo, v= (GF— 
ua | | 


_ GC+CT=) er, and there- 


fore v=—x— 2— (becauſeby art. & 1. 


6 er *, or, — X a —- ) 


a 
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— 322 
if „ 
is, (by writing for y and y their above va- 


lues affected with z and #,) v=—= << ; 


4 Ta 
which is an Equation for the Evolute DE, 
and is alſo an Equation of the Catenary 


curve: therefore, the Evolute DE is the 


Catenary *. 

Or, The above Equation of the Evolute 
may be found thus. Let Ex u, and ne=v/'; 
then, the triangles exE and TBE being ſimi- 
lar, we have, by 4 E. 6. en: E:: TB: BE, 

au' 


that is, : 4 :: 4: 2 BE, or (art. 7.) 


kx, but, by 47 E. 1.BE=FT*—TBAx, 
that is, (becauſe ET=NF=—u+a,) BE 


2 2 Y 5 
ubta\ — 4] =@*+2au\*: therefore, — 
| DV 


D | ; 
2. Paas, and v=_—* —- ; as before. 
u*Þ+2au)* 


SCHO- 


— 


_ — 


The Catenary is a Curve, as ADB or adb, formed by a 


exible line or chain hanging freely from two points of fuſ- Eig. 


pong, A and B, or a and 6, whether the ſaid points be 
nzontal or not. 


3 2 


56. 


- —_— — 4 <d- —— a. — 
— — — —_—_ — 
— * * — ” ® . 
#2 
— AP. wo, * Ay a 
oy = ot <4 * — — 


* 
r 


— 1 


1 — 


— my 


— ww 
. 
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ScHñor run. 

93. Tur Evolute of a Spiral, or indeed 
of any other Curve, may be deſcribed, by 
finding the Radii of Curvature at ſeveral 
points in the Involute: For then we ſhall 
have as many points in the Evolute; through 
which, if « Curve line be drawn, it will be 
the Eyolute ſought. | 


PART 


CHAP. I. 
Of Infinite Series *. 


S the Learner may, perbaps, be un- 
4 acquainted with Infinite Series, the 
knowledge of which is ſometimes abſolutely 
neceſſary in order to find the Fluents (or 
flowing quantities) of Fluxions expreſſed in 
a Fractional manner, and of ſuch wherein 
there are Surds or Radical quantities; and, 
becauſe in ſome of the following pages the 
Fluents of ſuch Fluxional expreſſions are to 
be found ; the adding of this Chapter may 
therefore not be improper, though it is, in 
ſome meaſure, foreign to the buſineſs in 
hand. 


PROB. 


- = — 


The Methods of reducing compound expreſſions into Ia 
nite Series, by diviſion and extracting of roots, as taught in 
this Chapter, were invented by the great Inventor of Fluxiozs 
about the year 1664 ; who at the ſame time, or rather a little 
before, invented the celebrated Binomial Theorem. 
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PROB. I. | 

To reduce a compound Fractional expreſſion 

into an Infinite Series; that is, into a num- 

ber of terms, which, if infinitely conti- 

nued, ſhall be equal to the given fractional 
expreſſion. 


EXAMPLE II. 
4 8 
94. To . I into an Jnfinzte Series. 
Place the denominator ax as a diviſor, 
and the numerator b as a dividend; and di- 
vide, as in common algebraic diviſion, until 
you have 4, 5, 6, or more terms in the Quo- 
tient; after which you may find as many 
terms as you pleaſe, by only conſidering the 
law of the progreſſion of the terms already 
found. Thus, the four firſt terms being 


r, bx Ex- — — 2— wy the operation be- | 


4 a 427 4 * 

low,) the law of the continuation of the di- 
viſion, or of the Series, is plain; for each 
Succeeding term is evidently — by 


multiplying the Preceding by —; ; and con- 


ſequently, the fifth term will be- _ „ the 


5 


Ope- | 
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Operation. 


bx 
. 
a 
bx 
O cc 
a 
bx bx* 
—— — . — 
1 
bx* 
O — 
a*® 
bx* , bx? 
2 7 
* _ bx? 
27 
bx* bx* 
a 27 
7 bx* 
27 
Se. 


Or, If we put x before a, in the denomi- 
nator of the above fractional expreſſion; 
that is, if the diviſor be placed thus, æ a, 
inſtead of a+x; then the Quotient, or 


Series, will be „ + &c, 


FF K* X* 
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. Whence, the lau of the continuation of the 
Series may be obſerved as before. 


SCHOLIVUM. 

95. In General, in order to have a true 
or converging Series, or that in which the 
terms continually Decreaſe, the Greateſt 
term muſt be placed firſt. Thus, in the 
above Example, if a be greater than x; then 
a mult be the * term in the diviſor, and 


— — . will be the true 


4 | 
Series : But if x be greater than a; then æ 
muſt be the firſt term in the diviſor, and 


6 _ba_ _M Sc. will be the true 


xXx Xx x7 
Series; the other, then, being a diverging 
one, the terms in it continually Increaſing; 
and conſequently the farther you go in the 
Series the farther it will be from the truth. 
THovcn it is impoſſible to take any num- 
ber of terms in the Series that ſhall truly ex- 
mer the value of the quantity given; yet, 
n general, a fe of the leading terms will 
by near enough the truth for any purpoſe. 


Ex- 


— N + ET O 0D 5 F 
2 h | 2x 2 8 
S 85 * v 2 8. 
| D 2 2 = 8 
5 — * — — —— 9 „ = 
» — & h „cg XV - 8 8 5 
18 2 2 5 3 - 
ME — 0 E 2 
0 4 xt th # — — 
1 7 2 _ 2 8 8 
＋ — | _ D —+ —+ xt 3 — 
>» «| 3 * | 5X9 © 88 
W - Ya > 2 A 8 — 
; 0 
2 + = IT xt ＋ 0 ww Oo 2 
FF. Bu 2 — ES» 
_ * 5 2 2 
tx O E 8 
+ ©: 8 — xx 5 2 > 
O 8 N at 2 1 
— 2 1 1x 4570 8 "XL. 
* — — 9 
8 3 K x E 8 8 
V is 0 
2 9 n * „ D * 222 5 — — 
* Ter * r ) AUNT 2 . 2 


—— Rem ee. — 
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of x, whoſe Indices are 1 leſs than the num- 
bers of the terms to which they reſpectively 
belong, multiplied by the faid numbers ; 
that, the denominators are the powers of #, 
whoſe Indices are the ſame with thoſe of the 


numerators; and that, the ſigns of the terms 


are alternately changed. So that, the 5th 
term is + = the 6th term is —. ; and 
a* * 


ſo on. 


P R O B. II. 


To reduce a compound Surd quantity into 
an Infinite Series; that 1s, to free a com- 
pound expreſſion from Surds by throw- 
ing it into a number of decreaſing terms, 
which, if infinitely continued, ſhall be e- 
qual to the quantity given. 


EXAMPLE I. 


97. To reduce a +4 * into an Infinite 


Series. 


Take the ſquare root of a*, which is 4, for 
the Firſt term of the Series; (ſee the Opera- 
tion below ;) then, this ſquared and ſub- 
tracted from a +4 , leaves 4y*; and this 
remainder divided by the double of the firſt 

term, 
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term, (as in the common arithmetical ex- 
traction of the ſquare root,) v2. by 2a, gives 


which, with the double of the firſt term, be- 


ing multiplied by — the ſaid ſecond term, 
4 
gives 4y*+ _ and this ſubtracted from 


4y8 : 

4y* leaves —> which divided by the dou- 

ble of the two firſt terms of the Series, viz, 

by 204-4)" „ gives for the Third term 
a * 


of the Series; which, with the double of the 


two firſt terms, v72. 20+, being multi- 
17 by the ſaid third term, gives 
5 2 


2 +4, and this ſubtracted from —4L 


a* 


leaves © —2 - A, which divided by the double 
8 
of the three firſt terms of the Series already 


found, viz. by 24 gives + 2 
After 


for the Fourth term of the Series. 


he ſame manner may be found any number 


F 3 of 


© 
„ 
LT. ew 


D 


— 4 r 
— 
8 
— 
> 


—— — 
„ 


— * — 


ob 4 - "In TY 2 * 
n - <4 4.4 
— — — Pe * 
1 2 2 * 5 = \ 
>. „ 
— - 


- — 
— 3 
. ae — —VQ⸗ 5 
8 —_ 1 — 


* 
* 
. 
| ' k 
* 
0 
1 "1 
1 
CY > E 
"x ; \ ' 
F 
& 9 
= X 
- 37 
E + 
1 
. 
1 k - 
99 J 
41 4 
is 
0 
13 0 * 
L 
4 1 2 
11 8 
* * 
= 
o : x 


P 
_—_— * * _ = 
<< _ — <4 ' = — a 
ho £259 3 3s — — — 
— 
— - — - - 
a E w% 
242 2 9 were. , LOR 
- = pa_ - o "4, - OY - 
g 3 mY ES 


1 _ 
— — — 

hw — — . — 
— — 1 


—— 
1 


- — — 


Operation. 
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of terms in the Series: And, when the iaw 


of the progreſſion, or of the continuation of 


the Series, is diſcovered, the terms may be 
continued on at pleaſure. 


140 


E x- 
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EXAMPLE II. 


98. To reduce I= )* into an Infinite 
Series. 


Operation. 


1 
2 


. 
” 16 T 64 256 
o —45x*__25x" 2 5* 


64 64 256 
Se. , 


So that 1—x—x* 5 18 = 1 — kk . — 


A 
i lrg 


AND, 


2 
2 


* 0 & + 
a, 
A — „ 
KY 


r 
S — n 
— ” 


— => _ Mt; > ©5424 
2 


h 
* 4 - 
- i 1 
1 
14 T : 
4 77 
. 5 


— 
wee 2 4 


* L 4 . 
- * — 
AO = 5 * 4 g - 2 E T 
— * 1 * 2 3 * 2 22 — 2 % - oe — £ 
4 4 = — m = — 
— _ ” ; 1 * — < 
© as - 


— "IC ob ns N 222 ——_ 
W. 
0 *. — 45, . 
X vs 


VIE 66 


Wu — 
\ — INT 


— —— — = 
\ ON OI 0 - * 
n . —A T=. 
* 
1 * 


< 
4 
1 
2 
S 
+ 


: 
7 
% 
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AnD, after the ſame manner may any ſuch 
common Surd quantity be reduced into an 
Infinite Series : But, with much greater caſe 
and expedition, 

99. Air forts of Fractional and ſurd 
Quantities may be reduced into Infinite Se- 
ries by the celebrated 


BinoMIal THEOREM *, 


which is this, vis | Pe +ZAQ 
N 


mn mM— 
＋ = DQ+ 
8 EQ c. 8 3 


ſents the Quantity whoſe Power is to be 
thrown into an Infinite Series; P the Firſt 
term of that quantity, which, in general, 


muſt be the Greateſt ; Q the Other, or Reſt 
of the terms, divided by the Firſt ; = the In- 


dex of the power, whether it be affirmative 
or negative: and A= the Firſt term of the 
Series, B the Second, C= the Third, D 
= the Fourth, E= the Fifth, &c. that 1s, 

A 


— 


„Tube Truth of this Theorem has been demonſtrated by 
various Writers ; the Proof of it is therefore here omitted, 
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A=P3, B== AQ, C= = BQ, D= 
7 2n | 


_— co., E Dq, &c. 
The following Examples will explain, 


and ſhew the great Uſe of this curious and 
noble Theorem. 


EXAMPLE I. 
100. To reduce a*+4y*)* into an Infinite 
; Series, 


Here, Pas, = M==1, 1==2, A 


Sa, 1 c D., E= — 
a a* a* 


Toy" | 2 2 = 297 
* &c. Therefore, a* +4y*\*= a+ - 


Ex AMG IL E II. 


101. To reduce, that is, a — ) 
: GB ——y* S 
into an Infinite Series. 


Here, Pra-“, Qz=—<, Mz=—1I, 1==2, 


— — A_—_—_—_ 3, 2 1 . = _ - 
p : +" * 
* g — ** * y : 4 
% 22; 9 Sx. WII a; — — tt ——— 
7 * — — — — A 2 — wh * F 
. TT 8 5 2 — E 
25 - . 4 . . . 0 . 
| 2 
— — . ah. 2 TI 
— * — # ©» 06< — 4 — - 


— 4 
— — 
2 pe ut 


4 
28 1 
k N 
( r 
22 Y 
Md - 


1 
"RD 

r 
p T7. 
1 + y 

, 

a 

* F * 


5 8 0 Py Ye 
BE LESS, 65 £04 . * * 
** 


— 
* 
— 
„ 
re . 
- —_— a - 
BY a * 


— - 
— ——— 
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E 357, &c. Therefore, a*—y * 5 
2 . 8. 
+=+5 das 485 al G0. 


E x AM FL E III. 


102. To reduce 


„that is, Ia", in- 
1— * 

to an Infinite Series. 
Here, P=1, Q=—x, m=—1, 1==1, 
Al, Bx, C, D=x*, Ex., &c. 
Therefore, i =1+x4x*+x* +x+,&c. 


EXAMPLE IV. 
103. To reduce N that is, 14+", into 
an Infinite Series, 
ere. Pani, Qanx, mazzt—t, n=1; A 
=1, B=—x, C=x*, D=—x*, Ex, &c. 
Therefore, IiT& T =1—x+x*—x*+x+,&c, 
104. Bur, we may often find the Series 


anſwering to a propoſed Quantity by the 
following 
THEOREM, 


viz, P +PQ\= — : 1+ =Q+Z x = 


in : 
m n—  M—21n m m—n 
XO A x R 4 X 
2 1 zu 2 in 
m- 21 
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M—2n m—31 A. | 8 
- X — Q# + &c. (which, indeed, 
is the ſame as the former, though differently 
expreſſed,) with ſtill greater eaſe and expe- 
dition; for, in this, no previous deduction 
is requiied; and both the numetators and de- 
M—N M—2N 


— 


* . * in 
nominators of the fractions —, : 
n 2n 37 


3 


M 9 . . . 
ec. are Series of numbers in arith- 
4n 


metical progreſſion, which have the ſame 
common difference =. This will appear by 
the following Examples. — But, note, the 
Former Theorem is, in general, beſt adapted 
to ſhew the Law of the Series. 


Ex4iMPFLY EL 


105. To reduce, that is NN * 
. 


into an Infinite Series. 


& * 
Here, P—a*, Gan— Hh == — I, 2. 


2 1 * 
Therefore, a +x*) * = = x 1 1 — 


a 24 
3 2.60” 1 2-4.74* 3 
2.4. a0 9 2.4. 6. 8. 45 4 


a 1 8 35x" Se. 


24 84 16a? 12835 


U E x- 
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Ti. | + 
E= AN „&c. 2 850 a —95 - = 


Sper 


27 Ro +22 
EXAMPLE III. 


102. To reduce 
I 


I 8 1 [AT 

7 that is, Ii ', in- 
to an Infinite Series. 

Here, P=1, QS -&, m = — 1, 2 1, 

A==1, B=x, C=x*, D=x?, E=x*, &c. 


Therefore, I =14+x4x*+x* +x+,&c, 


E x AML E IV. 
103. To reduce —__ that is, IT, into 
an Infinite Series, 

Here, P=1, Ox, mzz—t, n=1; A 
=1, B=—x, C=x*, D=—x*, E xl, &c. 
Therefore, I T -K T! - e, c. 

104. Bur, we may often find the Series 
anſwering to a propoſed Quantity by the 
* 

THE OR E M, 


viz. P +PQ\= — x: 1+ZQ+ x © 


n 23 
nESk Ea ZZ EQ Zn x 

1 22 Jn u 2 
M—2N 


31 
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2 m— 3 . | . . 

_ * mew Qs -+ &e. (which, indeed, 
is the ſame as the former, though differently 
expreſſed,) with ſtill greater eaſe and expe- 
dition; for, in this, no previous deduction 
is required; and both the numerators and de- 

m— M—2N 


* 1 y * n 
nominators of the fractions —, . 
1 


Mi] 


„Fe. are Series of numbers in arith- 


metical progreſſion, which have the ſame 
common difference x. This will appear by 
the following Examples. — But, note, the 
Former Theorem is, in general, beſt adapted 
to ſhew the Law of the Series. 


EXAMPLE I. 


JOg, To reduce— - a . that is, a TX *, 
a ＋ x 


into an Infinite Series. 


& * 
Here, Pra“, Qz=—, 3 =— 7, . 


a* 
Therefore, 5 = - * 2 1 = —— 
0 8 * 
34 3.64 2-628" 3 
2.4. 4 ws ABT 3», Ip a 


wi 8 1 Se. 


24 84 16a! 1284⁵ 
U E x- 
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EXAMPLE II. 


* 3 1 F . 
106. To reduce a into an Infinite Series. 


6 Here, 5 Q==, Mz=F,N==J. There- 


SE 1 5. x 5.2. 

3 — - | 2 3 eee 

fore, ax) =45X:1+ — + —_ 
$.2,—1.X? | 5.2.—1.—4. * 4 Se. oF | 


3.6. 9.4 3.6. 9. 12. 4. 
E gut . > Se. 


3 95 814 24347 


EXAMPLE III. 
107. To reduce 5 , that is, bx ANC, 


into an Infinite Series. 


x 
Here, Pra, ==> M=—1, =I; and 


mn mM mz m n m2 

therefore, — — X ——» — X * i 
r ax 37 

N * * 3 „c. will be —1 


8 4 

and + 1 alternately ; and conſequently h x 
« a” I „ 

a -&] is = XX 14 4 —— 
* a Tx TX ; 


Se. — * Se. 
a 


„ 


E x9 


DocTRINE of FTLUx LIONS. 147 


ExAMPLE IV. 
| | 20 . 
108. To reduce 1—x1}* into an Infinite Series. 
Hee, Pa=1, SI „ 


Therefore, I —1— Lab = 


# 7.5 © 10 IO 


„ 


4.8.12 4.8. 12. 16 
'T 3 93 3 7 37.11 
aan "WOT + 
pen by r abs: 4.8. 4.8.72 4. U. 12.76. 
Sc. 


| SCHOLIUM. 

Tux Sum of any Infinite geometrical ſe- 
ries decreaſing, 1s equal to the ſquare of the 
firſt term divided by the difference between 
the firft and ſecond. 

Thus, o+x+—+= ＋c. wm and 


a—%X 
a—x+ LL +8 b For, (art. 94.) 


if a* be divided by a—x, and by a-+x, the 
Quotients will be theſe infinite ſeries of 
Terms decreafing in geometrical proportion 
continued, 


2 CHAP. 


4 
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CHAP. II. | 
Of finding the Fluent of a given Fluxion. 


109. Tux Buſineſs of the Direct Method 
of Fluxions being to find the Fluxion of a 
given Fluent, or the Velocity with which a 
Variable quantity flows at any point or term 
aſſigned; ſo the Buſineſs of the Inverſe Me- 
thod of Fluxions is to determine the Variable 
quantity, or Fluent, from that Velocity or 
Fluxion being given. And this, in General, 
may be done by the following Rules, theſe 
being the converſe of thoſe delivered in 
Part 1. Chap. 2. 


Wel I. 

110. To find the Fluent of a Simple Flu- 
xion, or, of that wherein there is no va- 
riable quantity and- but One fluxional 

letter. | | 
SUBSTITUTE the variable or flowing let- 
ter for it's Fluxion : and you will have the 
Fluent required. 
Thus, the Fluent of ax is = ax. (art. 14.) 
| | RuLE 


4s 


* To treat at large on the different ways for finding the 
Fluents of the unbounded variety of Fluxional Expreſſions, 
would, by far, exceed the limits of an introdufery Tract: 
This affair therefore cannot, with propriety, be handled here 
in ſo very extenſive and copious a manner, 
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Nei . 


111. To find the Fluent of a compound 
fluxional expreſſion conſiſting of the pro- 
ducts of two or more flowing quantities 
drawn into their Fluxions; that is, which 
conſiſts of the Fluxion of each quantity 
drawn into the other or product of the 
reſt of the quantities. 


Mor rirry the flowing quantities toge- 
ther: and the Product is the Fluent re- 


quired. 

Thus, the Fluent of xy xy is\= xy; the 
Fluent of xyz+ xyz 4-xy2 is = xy2\; and the 
Flyent of vx vxy2z-+ vxy2 + vxyS 1 
vy. (art. 15.) 


5 == 


RU LE III. 
112. To find the Fluent of a Fraction 


like 2. 


Dxvi1DE the laſt term in the numerator by 


the Fluxion of the Negative ſquare root of 


the denominator ; then, divide this quotient 
by the Affirmative ſquare root of the deno- 
| minator: 


— — ů 


FRE — > 
- * a. 


This Rule muſt be uſed with caution, as it is not appli» 
cable to fractional expreſſions in general. 


. 
F<.) 
. | 
2-4 
. 
1 
4 » i 
1 
Fc 
Y 
1 
3 


BE 


—ͤ 8 

— 4 1. 8 — — A = 

. i I 18 
K 2 1 * = 'F 


— 
—_— 
iz 7 - - "pk _ — 
2 2 P — oo * = ——_ — 

— + - -—IS — . — TY -. — + wy * #d of 

— — 9 * 2 — . 

— - — Anat an (fe — 64 —ADA S 
a — 
— 

— —- _ — 


3 4 
—— — oO— 
Y a r 
4 


= 
= 
b * 0 
2223 — — * 
S =. 9s 
— a, aw. I * 
* * * 
p — = 


CS >” an 
— — 
Wd; _—_— 
ho ous „ — 


—— — 
1 
ST 
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minator : and you will have the Fluent re- 
. 


Nee the Fluent of 1 IS== =(art, 17. ) 
bl 


Rur E IV. 


1713. To find the Fluent of an expreſſion 
compounded of different fluxionary terms 
connected together by the Signs and —. 


-Finp the ſeparate Fluents of the different 
terms; which connect together by the Signs 
of their reſpective Fluxions: and you Will 

have the Fluent required. 


Thus, the F luent of ax + 4xj—: Ny— -Xy 
: pe 
GIO 3 (art. 19.) | 


„ % Nrn. . 
114. To find the Fluent of an expreſſion 
which conſiſts of the Fluxion of a vari- 
able quantity drawn into any Power of 
that quantity contained any number of 
times *. 


19, In Simple Expreſſions, Strike out 
the 9 letter; add 1 to the Index of 
the 


— 


. The Rule fails 84 the Index of the Power is 21, 70 
find the Fluent then, ſee Rule 6. | : 
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the Power; and divide by the Index thus 
increaſed : and you will have the Fluent*® 
required, 

Thus, the 215 of 2x * is ; the 


Fluent of — E, that is, of — * *, 18 == — 
x* 

— 

K divided by —2+1, that is, —— 


2 Atid, Univerſally, the F * 


x 

of m & is = x" ; and the Fluent of 
9998 — 

K* & is = . 


7 
29, In Compound Expreſflions,—where the 


Fuxionary part is equal, or in an invariable 
ratio, to the Fluxion of the quantity under 
the vinculum, - Add 1 to the Index of the 
Power; and divide by the Fluxion of the 
quantity under the vinculum, drawn into 
the Index of the Power thus increaſed: and 
you will have the Fluent l 


Thus, the Fluent of N * 3x + oxx 


5 X+x*] X 2x 5 3 
IS = — 2 . .— = x-+-x*| ; and 
3Xx+2xx | 
— 2 ; 
the Fluent of — + x x—aſ x is = 
TE | : BA 
—xx—4| 1 —=XX —2 7 3 
— — 1 8 — — 7 XL mY 
I —i 


| 
| 
| 
| 
1 
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RULEZ VI. | 
115. To find the Fluent of a compound 
fluxional expreſſion, like 5 —5 X, of 
- a -& 
oY z Sc. 
1%, TxRow the expreſſion into an Infi- 
nite Series; and find the Fluent of the Se- 


ries by the foregoing Rules: and you will 
have the Fluent required, 


Thus, to find the Fluent of * throw 
a- 


the expreſſion into a Series; which (er. 94 ) 
27: oh _ ot * = x 


1S = —— 


a 
find the Fluent of this ks. which, by the 


bx bx* by? Bx !. 


preceding Rules, is = 5. 4 


+ &c. and is the Fluent required. 


And, to find the Fluent of — throw 


os, ſer m aSeries; 8 (art. 105.) 
R 5 
is be X — — 2 + Cc. = 


a 24* 82 1627 


ie kern Feser . Gr. Now, the 


845: 1647 | 
Fluent 
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Fluent of this Series, by the foregoing Rules, 
is xo = += «AT ———+ Cc. which is 


a 40a 11247 | -r 


the F W e 
29, Ok, Becauſe (art. 2 1.) the Fluxion of 
the Hyperbolic Logarithm of any quantity 
is equal to the Fluxion of that quantity, 
divided by the quantity itſelf; therefore, 
The Fluent of 5x 1171 is = 5x Hyp. 
Log. of a-+x. For, the ro of ax is 


&, which divided by abs 1 . 


a -& 


And the Fluent of 8 is D b x 
a ＋E& * 
Hyp. Log. of æ& LA NN. For, ba Flu- 
xion of x+ CNN is * 
e 


hs 5 1 * e : 
= 
which divided by x+ AN z is 


2 = 1 
&c. 


* Scho- 


— — — 
— a - 


3 . t* ow >, = — n _ _—_ _ 
£ 5 — : 4 
= ond — 4 Se ye A < 4 * OY a * — - _ t ” - P 
— 1 * * — Sw vx” - * Cs 2 ENT 4 — — ' - p — 
4 „ > ca . * — . 4 8 
Ee T T - S 
— — — = 
- - * Set 2 
— » 
* . 
— * 2 - - vo 
22 © * 7 is * 24 * * * — * 
pe 
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SCHOLIUM, 

116, Twover the Fluxion of any Fluent, 
how much ſoever compounded it be, may be 
accurately found; yet, the Fluents of com- 
pound Fluxional expreſſions cannot always 


be had in finite terms. 


117, Tyoucn no Fluent can have more 
than One Fluxion ; yet, a Fluxion may have 
an Infinite number of Fluents. Thus, for 
Example, the Fluent of x may be either x or 


xT.a; wherein, à repreſents any invariable 
quantity whatſoever. —Now, to find a, when 
it muſt be added to or taken from the Flu. 
ent x, is called corre#ing the Fluent : And 
to effect this; in any Equation, after having 
obtained the Fluent of each ſide by the fore- 
going Rules; make the variable letter in 
either of them vaniſh, or equal to nothing ; 
and ſubſtitute for the variable letter in the 
other, ſach a determinate or invariable va- 
lue as it is then known to have: or, for the 
variable quantities, write ſuch invariable or 
fixed values as they are reſpectively known 
to have at any particular point or term. 
Then, if we ſubtract the ſides of this new 
Equation from the correſponding Fluents 
before found ; the remaining Fluents will 

| be 
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be Contemporary, or always equal to each 
other; and conſequently, we ſhall then have 
the correct Fluent ſought determined. 
This affair may, perhaps, be better under- 
ſtood by giving the following Examples. 


Example 1. 
To find the Correct Fluent of y—2xx. 


The Fluent of this equation, by art. 114. 
is X. Now, when y =, if x=0; then, 
y— O=—=x*—o0o, or S : therefore, the 
Fluent firſt found needs no correction. 


Example 2, 
To find the Correct Fluent of axz—2xx 
22. 

The Fluent of this equation, by art. 114. 
is & * Sπν . Now, when y ends, or when 
yo, if x be = a; then, ſubſtituting o for y, 
and à for x, the fluential equation will be- 
come 4 — 42 So, that is o oo: therefore, 
the Fluent firſt found needs no correction. 


Example 3. 
To find the Correct Fluent of S ay. 
The Fluent of this equation, by art. 110. 
is z=ay, Now, if y be S when 2 is o; 
X 2 then, 
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then, by writing in this fluential equation o 
for z and 5 for y, it will become o ma: 
therefore, ay is always 46 greater than 2; 
and conſequently, the Fluent corrected is 2 
=0ay—ab. 


Example 4. 

To find the Corre& Fluent of J = = 
| ar- Xx 2K. 

The Fluent of this equation, by art. 114. 


. 
Now, if 9= J=0 3 „So; then, this flu- 


ential equation will become o=— : and 
FT 2 * 


therefore, y is always leſs than 22 by the 


quantity — Þ conſequently, the Contempe- 


rar Fluents will he J== —=— 

7, -—_ 
Example 5. 

To find the 19 Fluent of 3 = 


bins 


The Fluxion of the Hyp. Log. of x+ 
4 Tx K * FE 13 = 


- (art, 21. or 115.) 
= 


there- 
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therefore, the Fluent of S * 18 
a +x*[* 
2=bx Hyp. Log. of x þa*+x* . Now, 
when Zo, if x be likewiſe So, this Flu- 
ent will then become o=bx Hyp. Log. of a; 


which ſubtracted from the ſaid Fluent, 
makes the Correct Fluent, or true value of 


bx Hyp. Log. of x+a*Þx"(*—bx Hyp. 
Log. of a (which, by the Nature of Loga- 


rithms, is) =bx Hyp. Log. of ca lhe bl 


Example 6. 
To find the Correct Fluent of a e . 


The Fluent of this equation (art. 114.) is 
ax -b =. Now, if x=c when y=d; 
then, ſubſtituting c for x and d for y, the 
equation will be ac—Zbc*=2d*; and 
therefore, by ſubtracting the correſponding 
ſides of this equation from the above, we 


ſhall have the Correct or Contemporary 
Fluents ar iber. — ac Lale. 25 — d“. 


CHAP. 


Fig 
S2. 
58. 
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C HAP. III. 
Of finding the Length of a Curve Line. 


118. In Curves referred to an Axis, (fig, 


57.) let ch be ſuppoſed indefinitely near and 


parallel to the ordinate CB, and Bn equal 
and parallel to. Cc the Increment of the ab- 
ſciſs AC: And in Curves referred to a fixed 


or central Point, (fg. 58.) let C he ſup- 


poſed indefinitely near to BC, and the inde- 
finitely little circular arch Bu be deſcribed 
with the ordinate or radius CB. Put AC 
(fig. 57.) x, CB y, curve AB =; Bu 
—==x", nb==y', and Bb==2': then, (the In- 
crement By being conſidered as a little right 
ne,) by 47 E. 1. BB BA Tabs, that is, 
S T +512 F, or (art. 7.) S Y. Put 
the ordinate CB ( fig. 58.) Sy, curve CPB 
==2, Bux, nb==y', and Bs“: then, 
(becauſe Bb may be confidered as an indefi- 
nitely ſmall right line, and Bu as a little 
right line perpendicular to C5,) as before, 


2 INF, or = Fj. And this 
is a General Expreſſion for the Fluxion of 
the Length of any Curve Line whatſoever *. 

Now, 


»The ſame expreſſion may be derived, without the help of 
TIncrements, from art. 24 and 38. 
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Now, by help of the Equation or Proper- 
ties of the given Curve whoſe Length is re- 
quired, we may find the value of & in terms 
of y*, or of y* in terms of &“; and then, 
by ſubſtitution, & or q in this General Ex- 
preſſion will be exterminated: and by find- 
ing the Fluent of the reſulting equation, we 
ſhall have the value of z, or the Length 
of the Curve required, 


EXAMPLE I. 


. To find the Length of the Curve AB Fig. 
* whoſe Equation (putting the given 59. 
line AG =, GC=x, and CB y, ) is 


2K = gar.. 

The Fluxion of this equation 1s 3 ANN 
x2xx==3a*z; therefore, — za. DY 
= _ x 2*Þx\\*, and y* == a* Fx 
EEE 3 Which ſubſtituted 


for 5* „ makes = FI (art. 118.) = 

a TA x* T 8 a x+2x*% 
a* . TER 

Fluxion of the Curve AB; whoſe Fluent is 


S 


— the 
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— — = the Length of the 


Curve AB required. 


E xAMY ILE II. 
120. To find the Length of the common 
Cychid'*, 


Put OA or OF the radius of the generat- 


ing circle Sa, abſciſs AC, ordinate CB 
Dy, CG=s, and arch ABA; then, (as 


24 —K „ 4 
x, and 
* 


was found in art. 35.) j= 


20A" hich ſubſti- 


therefore · = . #*; w 


tuted for y*, makes the general expreſſion 
for the Fluxion of the Curve (art. 1 18.) 


— gf | = 


S442 RH —gaxx* bx tg „ that i is, (be 


— 


5* 


* by : 5 E. 3. GC*=ACXCF, or = 


2aX—x* 


2 *—24Xx* 7 24Xx* T 


zal xx": x; and the Fluent of Ry is 


= 


See the generation of this Curve, art. 35. note, 


_— 
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Sr 2a rz Za twice the chord 
AG ; (for, the triangles FAG and GAC be- 


ing ſimilar, FA: AG:: GA: AC, or FAX AN. 


Ad, that is, 2ax)*=AG.) Whence, by 
writing 2a for x, the Length of the Semicy- 
cloid AD appears to be equal to twiee the 
diameter AF of it's * Semicircle. 


Ex AMP L E III. 
121. To find the Length of a Parabola. 


Put the parameter Sa, abſciſs AC=x, 
ordinate CBS, and curve AB =; then 


(art. 28.) & . and therefore & EZ., 
a a* 


which ſubſtituted for &, makes S N N 
(the general expreſſion for the Fluxion of the 


Length of theCurve, art.118.) = _— 2 + | 


B * ＋ ; which: Ab into an In- 
Series, (art. 100.) 12x „ 
8 2 - 


27 * 4 y* I | . 8 25 * a 27 


＋22— Se. And the Fluent of this Series 
Y 


18 


2 
2 
= = — » 
_ 
2 
8 * — 
a 
— a 


CG 
6 —ͤ — 
—— U — ⁊. —2—2—— 


— > 


< | gt. - es ; « * 1 — v : * = = =s * FE * 8 " 
. aw T7 ("RE 2 an 
—— — APES > SS Co A. e > #® 


= 
FI —_ — 
. ——— —— —— ACS 4 


. % 
_ * — _ As 
—__ 
. 
„ 
— - - TS * — 
— — S th 


—— 2 
oY 


ti. Aid. _ 
— — — K — 
— — 
— joe 
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I E ray \ 
— —— äwä̈ä > — 
ä S 


i 
| 
| 
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18 a.. — = — . ＋ 55 — Sc. = the 
Length of che Curve ap required. 


| Or, The above 2 2 a* Fol 18 = 


xa” — hb 227 — 2 
a Fat a xa ce aXa*y Y N 
— 2 T 
ax 7 Fan \* 
F 
3 e 
114.) the Fluent of the firſt of theſe two 
. 252 . NT 
terms is =—xa'y +49*) =—Xz6*+y*)"; 
and the Fluent of the laſt of the ſaid two 
terms (art. 115.) is = tax 1 Log. of 


„IN therefore, a x Th Ty T 


Now, (art, 


1 


＋ 5 a x Hyp. Log. of Tn *, But, 
Aince when z and y vaniſh or become — 
(as at the vertex A,) this Fluent becomes— 
+ ax Hyp. Log. of 1 4; therefore the ſaid 
Fluent being Corrected (art. 117. Ex. 5.) 
makes the true value of z or the Length of 


the Curve AB == * 7 9 Hyp. 
Log. 
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Log. of EY — +: a x Hyp. Log. of 
1 x4a*+y*)* + 4 a x Hyp. Log. of 


, by the Nature of Loga- 


rithms. | 
EXAMPLE IV. 


122, To find the Length of any Arch of 
a Cir cle . 


Put the radius EAS a, abſciſs AC x, 
ordinate CB, arch AB=z: then, (art. 


"WES HP Gif at Co 
27.) 5 (becauſe a—x = CE — 
EHC 29 22 =; there- 


Gr = ; which ſubſtituted for & 


makes N * (the general expreſſion 
for the Fluxion of the Len 125 of the Curve, 


art. 18. = 2 Lf = i 
. = 

4 —5 3 which RE _ an Infinite 

+ 


Y-2 845 


Series (art. 101.) is S Xx: 7 A 2 : 
2a 


Fig. 


62. 
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534. 357. 4+ 247": KECK 2329" * + 


1625 12845 256 10244. 


4295 ＋ Sc. en. 


204845 S8 _ 2045 
3593/9 1 6390 42329" 1, 4200 . Ge. 
1284* ee 182. 
And the Fluent of this Series (art. 114.) is 
I 14 7 9 
2 g = + 32+ + 397 + 


64* un 1124 1 5205 KN 


53224432 OY 
28163ỹẽ ED rt a, 1 5 TE 


the Length of the Arch AB. 


Now, if we ſuppoſe the radius EA = a 
=, and the / AEB==30®. then, (becauſe 
the ſine af any arch is equal to half the 
chord of twice that arch, and the chord of 
60. is equal to the mins!) the ſine, or or- 
dinate CB=y, will be =; ; and therefore, 
the terms of the above Fluent being reduced 
into Decimal Fractions, and placed under 
one another, will ſtand thus; viz. 


5 00000000 
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. 500000000 &'c, 


20833333 
00234375 
000348772 
00059339 
.000010923 
.000002118 
oo 7 
* | 
The ſum = he Length of 
of which i al, * 135987 Ge. 2 AB: 41 
which by... <noca + 38 — 2 1 
thePetig heryof = Wh! 
is 6.283185 Sc. a Circle whoſe 45 
Radius is 1; | 


the Peripheryof 
therefore 060 592 Sc. a Circle whoſe. 
6 Diameter i: 18 1. 


EXAMPLE REP 
123. To find the Length of " Arch of 
 Arcbamedes's Spiral &. 

Put CA the radius of the generating Fig. 
circle Sb, and ARA the circumfererice of "4 
it ; alſo, put the ordinate CB, the 
1 of the e arch — and a 
cir- 


— 


See how this Curve is generated, art. 39. note. 
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circular arch whoſe radius is the ordinate 
CB==x. Then, (as was found in art. 39.) 


* YT, and therefore x ** = . . ; which 


ſubſtituted for &, makes the general ex- 
preſſion for the Fluxion of the Curve, viz. 


Z==Xx*+y N (art. f. BEE 451) = 


2 * = 222 ut 
* 11 A þ b* x a* IG 4 
| x a*y | 
& 252. — 4 7 *7＋＋ 26 ⁴ ul 
6x7 EDN ny . 
pe +9); N | 
ay 
a 7 N + —X ——= ee 
N * iS 24 a 5 46“ 
Fluent of the firſt of theſe two terms is 


14 


found by art. 114. 7. 5 e and 
the Fluent of the laſt is found by art. 115. 
Bis == x Hp. og of cya: y ad Wire 


for 5 * 4 555 1 Hyp: Ts 
of on y Ie 14 : but, oY 2 and 8 are 
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So, as at the point C, this equation be- 


comes e Hyp. Log. of 5*; and there- 
fore, the Fluent —_— (art. 117.) makes 
the true value of 2 E X a 7 H 3 


þ* _—— 
24 Hyp- Fn of ay+a*y* +61 | © bs 


Hyp. Log. of 5 (by the Nature of Lo- 
garithms ; the Difference of the Logarithms 
of any two Numbers being equal to the Lo- 


Wien of their Quotient „x 1 +6 re * 


+= x Hyp. Log. of 2 2 22MM the 


Length of the Arch 8 required. And 
therefore, by ſubſtituting the radius 6 for 
the ordinate y, we ſhall have the Length of 


the whole Spiral CPBA = 1x20 F 67% += 


2 22 IF 
* Hyp. Log, of A Hz i 


— 


CHAP. 


168 eber $408! to the 


-» 
TT. 
- 


ww ” 


CHAP. IV. 
of fading the Areas of Curvi lineal Spaces. 


124. In Curves whoſe ordinates are re- 


£ ferred to an Axis (fig 64.) let bc be conceiv- 
ed indefinitely-near and parallel to the per- 


pendicular ordinate BC, and Br: equal and 
parallel to Cc,the Increment of the abſciſs 
Al Ty then, becauſe bn bears no aſſignable 
ratio to BC,,. c may be taken as equal to BC 
qr nc; and the trapezium BC cb as equal to 


| Ne parallelogram BCen: but, BCes is the 


oment or Increment of the curvilineal ſpace 
ABC, that is, (if we put Ac = x, CB=y, 
and Cc=x/,) the Moment or Increment of 
the Space ABC is — yx'; and therefore, 
(aff. y.) the Fluxion of it is S. in 
like manner, in Spirals, or thoſe Curves 
whoſe ordinates are referred to a fixed or 
central Point (fg. 65.) let iC be conceived 
indefinitely near 'to the ordinate BC, and 
the little circular arch Bu (whole radius is 
CB,) be ſuppoſed a little right line perpen- 
dicular to C: then, n having leſs than any 
aſſignable ratio to C, BC may be conſi- 
dered as equal to BCb the Moment or In- 
crement of the curvilineal Space BPCB; 
that is, (if we put CB=y, and Bu x,) the 

Moment 
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Moment or Increment of the Space CPBC 
is Sy, or it's Fluxion Sry. 

Or, Let the curvilineal ſpace AEI and 
parallelogram AG (fig. 64.) be generated by 
the perpendicular and indefinite right line 
AF moving with a parallel motion from A 
along the axis AE; then, it is evident, the 
curvilineal ſpace will increaſe flower, or flow 
with a leſs degree of velocity, than the pa- 
rallelogram, before the ſaid generating line 
arrives at the term CB; and afterwards 
faſter, or with a greater degree of velocity : 
therefore, at the ſaid term, they will flow 
with one and the ſame degree of velocity; 
that is, at the term CB, the Fluxions of the 
curvilineal ſpace and parallelogram will be 
equal: But, it is plain, the Fluxion of the 
parallelogram, at the term CB, is equal to 
DA or BC drawn into the Fluxion of AC; 
therefore, the Fluxion of the curvilineal 
ſpace ACB 1s equal to the ordinate CB 
drawn into the Fluxion of the abſciſs AC; 
that is, (putting Ac x, and CB==y,) the 
Fluxion of the curvilineal Space ACB is — 
9%,——In fg. 65. let the curvilineal ſpace 
CPIC be generated by the variable right line 
CF turning round the center C; and, at the 
ſame time, let the ſector CDGC be deſcribed 

2 by 


170 An INTRODUCTION fo the 

by the radius CD; then, it is plain, before 
the line CF comes to be in the ſituation CB, 
the ſpiral ſpace will increaſe ſlower, or flow 
with a leſs degree of velocity, than the cir- 
cular ſpace or ſector CDG ; and afterwards 
faſter, or with a greater degree of velocity : 
therefore, at the term CB, they will increaſe 
or flow with an equal degree of velocity : 
But, it is evident, the velocity with which 
the ſector enlarges, is equal to half it's ra- 
dius drawn into the velocity with which it's 
arch is deſcribed; therefore, the velocity with 
which the curvilineal ſpace CPBC is increaſed, 
at the term CB, is equal to: CB drawn into 
the velocity of the point Dor B moving along 
the arch DG at the point B; that 1s, the 
Fluxion of the ſaid curvilineal ſpace is equal 
to CE drawn into the Fluxion of the cir- 
cular arch DB; or (putting the ordinate 
CB==y, and arch DB=—x,) the Fluxion of 
the curvilineal Space CPBC is =; yx; as 
before. 

125. WHEREFORE, when the Curve is re- 
ferred to an Axis, (fig. 64.) find the value 
of y in terms of x, by help of the Equation 
of the given Curve, which multiply by x; 
or, find the value of * in terms of y, which 
multiply by *: u the Fluent of the re- 
ſulting 
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ſulting fluxional expreſſion will expreſs the 
Area (or quadrature) of the curvilineal Space 
ABC required, — And, when the Curve 1s 
referred to a fixed or central Point C, (ig. 65.) 
find the value of x in terms of y, from the 
properties of the given curve; then multi- 
ply this value of x by), and find the Fluent; 
and it will give the Area of the Space re- 
quired, 


EXAMPLE I. 
126. To find the Area of the Space 1 Fig. 
the Curve AB being a Parabola. 


Put the abſciſs Ac x, ordinate CB—y, 
and the parameter i. Fhen, by the na- 


ture of the curve, xy, or x*=y 3 there- 
fore, yx (the Fluxion of the Area, art. 124.) 


=* i]; the Fluent of which is 2x = (by 
ſubſtituting y for x* it's value,) * = the 
Area required, 

Or, The Fluxion of the above equation 
of the curve, viz. of xy, is K 2; 
which, multiplied by , makes the Fluxion 
of the Area, viz, * (art. 124.) =2y*y; the 
Fluent of which is 4y* = (by writing x for 
it's value,) z; as before. 


Z 2 Corol- 


Fig. 
67. 


63. 


172 An INTRODUCTION 70 the 


Corollary. 
The Area of any Parabolic Space ABCA 
is equal to two-third-parts of it's circum- 
ſcribing Parallelogram ADBC. 


EXAMPLE II. | 
127. To find the Area of the Space ABCG; 
the property of the Curve AB being ſach, 
that it's Subtangent CT is invariable, or 
always of the ſame value. (See art. 80.) 
Put the given Subtangent CT, GA, 
GC x, and CB yy. Then, (art. 25.) a= 


; therefore, x= 2; which, multiplied by 


- 
3, makes the Fluxion of the Space viz. yx 


(art. 124.) Sy; and the Fluent of this 
Fluxion is ay: But, when the area of the 
ſpace is So, or y=6b, this expreſſion for the 
Fluent becomes Sab; and therefore, (art. 
117. Ex. 3.) the Fluent corrected is ay—ab 


= =y—bxa= the Area of the Space ABCG 
required. | 


Ex AML III. 

128. To find the Area of the Space cpRO; 
the Curve CPBA being the Spiral of Ar- 
chimedes *. 

Put the circumference of the generat- 
ing circle — and it's radius CA==6; 


alſo, 


dee the generation i this Curve, art. 39. note. 
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alſo, put the ordinate 2 Now, (as 


was found in art. 39. ) =; which equa- 


65 
tion multiplied by 25 makes the Fluxion of 


the Space VIZ, 2 7 N (art. 124.) = — 2 * 17 


=. 2 the Fluent of which is On = the 


26* 
Area of the Space required. And therefore, 
by ſubſtituting 5 for y, we have the Area of 
the whole ſpiral Space CPBAC A; which, 
becauſe the area of a circle 1s equal to it's 
periphery drawn into half the radius, is = 
of the Area of the generating Circle, 


ExAMPLE IV. 


129. To find the Area of the Space CPBC ; Fig. 


the Curve CPB being the Logarithmic 05, 
Spiral *, 


Put the ordinate CB=y; the length of 
the curve CPB A; a circular arch, whoſe 
radius is the ordinate CB, x; and let two 
given quantities, a and &, be to each other 
in the ratio of y to z. Then, (as was found 


— 
| a 
plied by 25, makes 25 (the general expreſ- 


ſion 


in art. 40.) 3=jX ; which, multi- 


Bun 


— 


— 


* See the generation of this Curve, art. 40. note. 
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fion for the Fluxion of the Area, art. 124.) 
Ob 


24 


= 5 the Fluent of which is 


2 5 == the Area of the Space CPBC 


44 


required. 


Fig. 


69. 
o. 


EXAMPLE V. 
130. To find the Area of the Space CHBRC; 
the Curve being a Spiral generated by a 
point moving uniformly along the ſemi- 
circle CDA, from C to A, while the ſaid 
ſemicircle makes one uniform revolution 
round the point C as a center *, 


Put the radius EC Da, arch CRB==v, or- 
ainate CB=y, and arch DB=sx. Then (ort 


41.) #=—42 _ ; which, multiplied by 


2y, makes 20% (viz. the Fluxion of the Area, 
art. 124; for any ſpace generated by the 


arch CRB is equal to that deſcribed by the 
ordinate CB ;) ab LL 3 2 — 

. K.Zawst 
2 24 bbbecauſe, 


Wy] Jef 


This Curve was invented Amo 1756, 


art. 


| ; 24% wayne u- — 
art. 41. . ,) —44y*—y*| * x 
2 44 —5 5 
44 25 + aa; the Fluent of which 


(art. 114. 29.) is A + 2av==200 


N — GC x CRB—CB x BG 
four times the Area of the ſegment CRBC= 
the Area required, And therefore, when the 
point B arrives at G, that is, when y = 29, 
the Area of the whole ſpiral Space CHBLADC 
will be equal to four times the Area of the 
generating Semicircle. 


— 


6 
07 finding the Convex Super ficies of Solids, 


LET the ſolid AIV be conceived to be ge- Fig. 
nerated by an enlarging or variable circle 71. 


{whoſe increaſing radius is the variable ordi- 
nate of the curve AI,) moving with a pa- 
rallel motion along the axis from A to E: 


then will the velocity with which it's convex 


ſuperficies flows be equal to the periphery of 
the generating circle drawn into the velocity 
with which it moves along the curve AI; 
that 1 is, the Fluxion of the ſaid ſuperficies, 


at 
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176 An INTRODUCTION to the 
at any term HB, will be equal to the peri- 
phery of a circle, whoſe radius is the ordi- 
nate CB, drawn into the Fluxion of the- 
curve at the point B. This follows from 
art. 124. by conſidering thè convex ſuperfi- 
cies as always equal to the area of a curvili- 
neal figure whoſe abſciſs is equal to the curve 
AH, and the ordinate as equal to the cir- 
cumference of the generating circle BH 
whoſe radius is CB. 

131. HENCE, if we put the abſciſs AC x, 
ordinate CB y, curve AB=2, and c= 
6.28318 &c. — the circumference of a 
circle whoſe radius is 1 (art. 122.) ; then, 
becauſe cy = the circumference of a circle 
whoſe radius is the ordinate CB, and (art. 


118.) If; the General Expreſſion 
for the Fluxion of the Convex Superficies of 


any Solid ABH will be =cyz or yx x * ; 
out of which, by help of the Equation of 
the given Curve AB, & or y*, &c. may be 
exterminated ; and then, the Fluent of the 
reſulting expreſſion will give the Convex 
Superficies required : As in the following 
Examples. | 


Ex- 
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Ex AMP LE I. 
132. To find the Superficies of a Sphere, or 

the Convex Superficies of any Segment 

of it. 

Put the radius EA or EB==a, AC==x, Eg. 
CB=y, and AB=z. Let Bu Cc expreſs 72, 
the naſcent or very firſt Moment of AC, 15 
of CB, and Bb of AB; that is, let Bux, 
nb==y', and Bb—2'; then, Bb being conſi- 
dered as a little right line coinciding with a 
tangent to the point B, the triangles ECB 
and 5B will be alike: (for, Z CBn=2z EBC 
= a right angle; therefore, EB being 
common, Z CBE=2 nBb; and, the angles 
at C and n being right, the angles CEB and 
Bön muſt be likewiſe equal; ergo, &c.) 
Wherefore, by 4 E. 6. EB: BC :: B: By, 


that is, a: :: 2 : X 57 2 or, (art. 7.) 


- 


ba; which, ſubſtituted for E, makes the 
3 expreſſion for the Fluxion of the 
Convex Superficies viz. cy2 (art. 131.) = 
— the Fluent of which is cax= 
the 3 Superficies of the Segment ABH: 


And therefore, if for x be ſubſtituted 2a, we 
, Aa ſhall 
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ſhall have 2ca*==the Superficies of the whole 
Sphere. 


Corollaries, 

1. The Convex Superficies of any Seg- 
ment of a Sphere is equal to the periphery 
of a great circle of that Sphere multiplied 
into the altitude of the Segment, 

2. The whole Surface or Superficies of 

any Sphere is equal to the periphery of it's 
greateſt circle multiplied into it's diameter, 


or, equal to the Convex Superficies of it's 
—— g Cylinder. 


1 II. 


Fig 5 To find the Convex Superficies of the 
25 Cone AIV, whoſe Altitude AE is 
given 4 and baſe-diameter IV ==6b. 


Put Ac, and CB=y. Now, the tri- 
angles AEIand ACB being alike, by 4 E. 6. 
AE EI :: AC: CB; that is, 4: 15 :: K 25 


6 55 the Flux ion of which equation is 
nk *. 2, which, ſubſtituted 


for &, makes the general expreſſion for the 
Fluxion of the Convex Superficies viz. 


9. 
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ens TNA 
cy x x*+5*\* (art. 131.) e 
e ; the Fluent of which is 
3 T 2 (becauſe 


by 47 E. 1. Al-AETNEL Nef, 


2 Al the Convex Superficies of the Seg- 


ment ABH : And by writing 26 for y we 
have icbxIA= the Convex Superficies of the 
Cone AIV. 19 


Corollary. 


The Convex Superficies of any Right Cone 
is equal to half the circumference of it's baſe 
multiplied into it's ſlant height. 


Ex AMP L E III. 


134. To find the Convex Superficies of the Eig. 


Parabolic Conoid ABH, 


Put the parameter of the parabola'—, 
AC x, and CB=y; then, by the nature 
of the curve, ax; the Fluxion of which 


equation is ax==2y); therefore, 4 and 


Aa 2 4 * 
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. Gam, f oh 
Bot 


the general expreſſion for the Fluxion of the 
Convex * VIZ. yx +y* 5 (art. 


191) O f, 
the Fluent of which (art. 114.) is _ "A 


4y* - Þ : But, at the vertex A, where y 
vaniſhes or y S, this fluential expreffion 


ca 
becomes e =; therefore, the 
1 1 CENT 


Fluent corrected (art. 117.) is = 8 


124 
S the Convex W of 
the Solid ABH required. 

CHAP. VI. 


Of finding the Contents of Solids. 


135. LET bc be conceived indefinitely 
75. near and parallel to the variable ordinate 
BC; and B equal and parallel to Cc the 
I acrement of the variable abſciſs AC. Now, 


be- 
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becauſe the little parallelogram BCcn is ex- 
preſſive of the Increment or Moment of the 
plane figure ABC, (art. 124.) therefore, if 
the ſolid AIV be conceived to be generated 
by the revolution of the curvilineal figure 
AEI round the axis AE, the indefinitely 
little cylinder generated by the ſaid little pa- 
rallelogram will expreſs the Moment or In- 
crement of the ſolid at the term BH; and, 
becauſe this Moment or Increment is equal 
to the area of the circle deſcribed by the or- 
dinate CB drawn into the Increment of the 
abſciſs AC, therefore, (art. 7.) the Fluxion 
of the Solid, at the term BH, is equal to 
the area of a circle, whoſe radius is the ordi- 
nate CB, drawn into the Fluxion of the ab- 
ſciſs AC. 

Or, Let the cylinder LG be generated by 
the parallel motion of the circle LD along 
the line LN; and, at the ſame time, the ſo- 
lid AIV by that of the concentric and va- 
riable circle ZF, which, at the vertex A, is 
ſuppoſed indefinitely ſmall, and continually 
enlarges as it moves along the curve Al. 
Then, it is plain, the ſolid AIV will increaſe 
ſlower, or flow with a leſs degree of velo- 
city, than the cylinder LG, before the ge- 
nerating circles arrive at the term HB; and 

after- 
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afterwards faſter, or with a greater degree 
of velocity: therefore, at the ſaid term; 
(where the two generating circles become 
equal, or their peripheries coincide with each 
other,) they will increaſe, or flow, with the 
fame or an equal degree of velocity. But, 
It 1s evident, the velocity with which the cy- 
linder flows is equal to the area of it's gene- 
rating circle drawn into the velocity with 
which it moves along the line LN ; that 1s, 
the Fluxion of the cylinder, at the term HB, 
is equal to the area of a circle, whoſe radius 
is CB, drawn into the Fluxion of the line 
LHor AC: Therefore, the Fluxion of the 
Solid AIV, at the term BH, is equal to 
the area of a circle, whoſe radius is the or- 
dinate CB, drawn into the Fluxion of the 
abſciſs AC; as before. 


136. HN, if we put the abſciſs AC=x, 
ordinate CB y, and c 3. 14159 &c. = the 
ſemicircumference of a circle whoſe radius 
is 1 (art. 122.); then, the General Expreſ- 
ſion for the Fluxion of the Solid Content 
will be = c: out of which, by help of 
the Equation of the given Curve, x or y* 
may be exterminated ; and then, by finding 
the Fluent of the reſulting fluxional expreſ- 
fion, we ſhall have the Content of the Solid 
ABH required. 


Ex- 
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EXAMPLE I. 


137. To find the Content of a Sphere, or of 
| any Segment of it. 


Put AC==x, CB==y, and the diameter Fig. 
AD a; then, by 35 E. 3. ACxXCD=BCx 70. 
CH, that is, ax—x*==y* ; therefore, by 
writing ax—x* for y*, the general expreſ- 
ſion for the Fluxtorf of the Solid Content 
VIZ. Cy*X# (art. 136.) becomes = cxxax—x* 


J © 0 , - - cax®* 
=2caxx—cx*x the Fluent of which is 
a 2 


3 98 3 
ft. — - 2X S the Content of the 


Segment ABH : And therefore, if à be ſub- 
ſtituted for x, we ſhall have — — = 
za 3 = the Content of the whole Sphere 
ABDH. 

Hence, becauſe four times the area of a 
great circle of the ſphere is = ca*, and the 
content of a cylinder circumſcribing the 
ſphere is ca-, we have the following 


Corollary, | 
The Content of any Sphere is equal to 
four times the area of it's greateſt circle 
multiplied into zth part of it's axis, or, 
equal 
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equal to two-third-parts of it's circumſcrib- 
ing cylinder. 


EXAMPLE II. 
. 138, To find the Content of the Parabolic 
Fg. * Conoid ABH, generated by the parabolic 
" ſpace ABC revolving round the axis AC. 


Put the parameter Sa, AC x, and CB 
Ay; then, by the nature of the curve, ax 
=y*. Now, by ſubſtituting ax for y*, we 
have the general expreſſion for the Fluxion 
of the Solid Content viz. cy*x (art.136.) = 
caxx ; the Fluent of which is cx = (by 
writing y* for ax,) icxy* = the Content of 
the Parabolic Conoid ABH required. 

Or, The Fluxion of the equation of the 
curve, viz. of ax==y*, is ax==2yy; there. 


fore === > which, ſubſtituted for x, makes 
the general expreſſion for the Fluxion of the 
Solid Content viz. cy*x (art. 136.) = cy*x 


29 =207 - the Fluent of which is of * 
4 a 24 
(by writing ax for y*,) icxy* = the Solid 
Content; as before. | 


Corol- 
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| Corollary. 
The Content of any Parabolic Conoid is 
equal to half of it's circumſcribing Cylinder. 


Ex AMT E III. 


139. To find the Content of any Cone AIV Fig. 
whoſe baſe is a circle. 77. 


Put the given altitude AES a, and dia- 
meter VI. Let HB be parallel to VI; 
and put Ac x, and c=. 78 539 &c. = the 
area of a circle whoſe diameter is 1. Now, 

the triangles AVI and AHB being ſimilar, 
\by 4 E. G. AE: VI:: AC: HB, that is, @ : 


3 21 TH =HB ; therefore, by 2 E. 12. the 


ch* x* 
area of the circle HB is —ox) Xt, 
2 


= — . 2 — 222 = ED 8 a —_— — — r 8 1 a—_—_ r 9 
— > - MS. - —— — — — —— — —— Bn as — 4 - — 
2 ”.— dB "oF: 8 * carr > > Sg i ano 7 Þ 2555 — Wap — 
* — — 2 — %eO et „ * 4 = — > "I path — 
— b — — — — 


— 


which (art. 13 5.) drawn into & is — 
2 * 


the Fluxion of the Content of the Cone at 
the term CB; the Fluent of which is is 
— the Content of the Cone AHB: And, 
therefore, by ſubſtituting @ for x, we have 
cg" 
34" 


AVI required, 


= *<* = the Content of the Cone 


B b Or, 
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Or, Put the altitude AE a, the area of 
the baſe VI=b, and AC—x : then, (be- 
cauſe ſimilar plane Figures are as the ſquares 
of their homologous ſides,) we ſhall have 

122 * = — = the area of the ſection 
HB; which (art. 1 35.) drawn into # is 5 
the Fluxion of the Cone AHB ; the Flu- 
ent of which expreſſion gives the Content of 


the ſaid Cone =: And therefore, by 


writing a for x, we have the Content of the 
whole Cone AVI ab. Hence, | becauſe 5 
may here ſtand for the area of the baſe of 
any Pyramid whatever, we have the fol- 
lowing 


Corollary. 


The Solid Content of any Cone, or Pyra- 
mid, 1s equal to the area of it's baſe multi- 
plied into one-third-part of it's perpendicu- 
. lar altitude ; that is, it is equal to one-third- 


part of a Cylinder, or Priſm, of the ſame 
altitude and baſe, 


Ex- 
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EXAMPLE IV. 


140. To find the Content of the Solid ABH, 
generated by the Ciſſoidal Space ABC re- 
volving round the axis AE *. 


Put the axis AE ga, abſciſs AC x, and 
ordinate CB y; then, (as was found in 
art. 34.) x*—=ay*—xy*; and therefore, y* — 
_— ; which, ſubſtituted for y*, makes the 
general expreſſion for the Fluxion of the 
Cx x 
| a- 
RS — OX Xn COXX — COX — ns 

X—4 44 


Solid Content viz. . x — 130.) = 


. he 12 nnd 
=—CX*X —CQXX—C4* X— C87 — the Flu- 


ent of which, (becauſe art. 21. the Fluxion 


of the Hyp. Log. of a—x is = IS = 


— * 


3 2 


1 
But, when , (as at A,) this Fluent be- 
comes =—ca* x Hyp. Log. of a: there- 


fore, the Fluent corrected (art. 117.) is = 


— 


* 


* 7 ee how a Ci/ſoid is generated, art. 34+ no/e, 
Bb 2 
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 a—x++ca* x Hyp. Log. of a = (becauſe the 
Difference of the Logarithms of any two 
numbers 1s ut to the Logarithm of their - 


Quotient,) — rx 2 fats * 


Hyp. Log. of — = A Content of the 
Solid ABH required. 


Corollary. | 
When == fa, the Content of the Solid 
will be = ca*x : — 2 + Hyp. Log. of 2= 
Ca*X0, 02648 l &c. (See Part III. Weſt. 9.) 


PART 


6189) 


| 
| 


FX 


+ Cd 
- 


Mis cELLANEZOUS QUESTIONS, 


With their Incremental and Fluxional 
SOLUTIONS, 


I. 

In an Ellipſis ABD, whoſe Foci are the Fi 
points F and K, if a right line BY be = 
drawn biſecting the angle FBK; then 
will the ſaid line be perpendicular to 
the tangent TBG. Vers the Demon- 
ſtration? 


Let the point 5 be ſuppoſed indefinitely 
near to B; and with the lines FB and K5, as 
radii, deſcribe the arches Bm and in: then, 
if we conſider the. ſaid arches as little right 
lines perpendicular to Fb and KB reſpective- 
ly, (becauſe the Sum of the lines FB and 
KB 1s always the fame invariable quantity, 

viz. Ab, and therefore the Increment mb 


Fig. 
80. 
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=the Decrement nB, ) the right angled tri- 


angles B and mo will be equal and ſimi- 
lar, as will therefore the right angled tri- 
angles Br and nr; and therefore, if Be, 
the Increment of the curve AB, be ſuppoſed 
to coincide with the tangent BG, the angles 
rbB and rBb will be equal, that is, FBT 
—=Z KBG. Therefore, the right line Bz, 
which biſects the Z FBK, makes the - 7BT 
StBG = a Right angle. Q. E. D. 


3 
In an Hyperbola AB, whoſe Focus is the 
point F, and tranfverſe Diameter 1s DA 
—KA—AF; the right line FB, which bi- 
ſects the angle KBF, is a tangent to the 


curve at the point B. Quære the Demon- 


ſtration? 


Suppoſe the point þ indefinitely near to B, 
and deſcribe the little arches BM and Bu with 
the radii KB and FB. Now, becauſe the 
Difference' of the lines KB and FB is always 
the ſame: invariable quantity, viz. = DA, 
the Increments mb and nb are equal; and 
thereſore, if the arches Bm and By be con- 
ſidered as little right lines perpendicular to 
Kb and Fs reſpectively, and Bb (the Incre- 
ment of the curve AB) as coinciding with 

850 the 
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the tangent; the little right angled triangles 

Bmb and Bnb will be equal and fimilar. 

Therefore, the right line FB, biſecting the 

angle KBF, is a tangent to the curve at the 
point B. Q. E. D. 


III. 

In a Parabola AB, whoſe Focus is the point ig. 
F, if a right line KB be drawn parallel to gx, 
the axis, and the angle KBF be biſected 
by the right line -B; then will this line 
be a tangent to the curve at the point B. 
Jure the Demonſtration ? 


Let the indefinite right line LK be per- 
pendicular to LF, and LA AF; draw 45 
indefinitely near and parallel to KB, and By: 
equal and parallel to K#; and with FB, as 

a a radius, deſcribe the little arch By. Now, 
| becauſe the lines KB and FB are always 
equal to each other, the Increment m6 is = 
the Increment 26; and therefore, (the inde- 
finitely ſmall arch Bu being conſidered as a 
little right line perpendicular to F5, and the 
Increment of the curve, Bb, as coinciding 
with the tangent,) the little right angled 
triangles Bb and Bub are equal and ſimilar. 
. Conſequently, the right line B, which bi- 


ſects 


Fig. 
82. 
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ſets the angle KBF, is a tangent to the 


curve at the point B. Q. E. D. 


IV. 

1 the Nature of the Curve APB ?— 
ſuppoſing FP or CE, the diſtance of the 
parallel and indefinite right lines AC and 
PE, to be given ; the right line AD to 
paſs through the point P; and CExCD 

<K=CB*.0* 

Put CE ga, abſciſs AC—x, ordinate CB 


==y, and CD Z. Let cd be ſuppoſed inde- 
finitely near and parallel to CD; and Dm, 


Bu, equal and parallel to Ce: and put 16 
S, md—2/; and ſuppoſe TB a tangent to 


the curve at the point B. Now, by 4 E. 6. 
DC: CA:: am: mD, that is, 2: x : 20 —— 


8 or 1 and bn : B:: BC: CT, that 


xy2; 


18, 17 — Ni 6 = CT, of (art. 7.) 
5 (art. 7. 7 
cr. But, 5 the queſtion given, a2==*; 
the Fluxion of which equation is 48 , 


. 4 
o 


— 


- * To deſcribe the Curve, or to find the Point B in the line 
CD through which it muſt paſs.—Produce CD to G, making 


DG FF; deſcribe the ſemicircle GHC, and draw the per- 
| 1 ordinate DH ; laſtly, make CB=DH: then will 


the Point required. For, by 35 E. 3. GDXDC=DH*; 
that is, ECC DCN. p 
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inn 2 . which, fubſtituted for 2, makes 
qa 


the above value of the Subtangennt CT 


i = WR, A = (becauſe . — „ .. 
2 az 


Therefore, (art. 28.) the curve AB is a Pa- 
rabola, whoſe vertex 1s A, 


(viz, 


Corollary. 
If F be the Focus; then, by the nature 
of the Parabola, PF=2FA ; and therefore 
DC=—2CA=CT, that 18. Sax. 


V. 

If TB be a Tangent to the given Curve AB; Fig. 
and another Curve AD be ſo deſcribed as $ 3. 
that it's ordinate CD ſhall always be in a 
given ratio to the correſponding Segment 
of the former Curve : then, BT will be 
to TC as the correſponding Segment of 
the Curve AB 1s to the Subtangent CV. 
2uere the Demonſtration? 


Put CT, TBD r, CD==y, AB=—2: and 
let cd be ſuppoſed indefinitely near and pa- 
rallel to CD; and Dm, Bu, equal and paral- 
lel to Ce; that is, let df, and BS“. 
Now, BT: TC :: bB : Bn, that is, ?: 5: 

Cc 2! 


84. 
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: 71 n or Dm; and dm: D:: :DC: : CV; 


that is, )“: 52 9: 7 — CV, or (art. 7.) 


Cv. Let the given ratio of DC to 


59S 


AB be as a to b, that is, ): 2 :: 4: b. 2 


— the Fluxion of which equation is 2 


2 which ſubſtituted for z makes the above 


95 cv (which, by writing x for it's 


ty 
by 


8 
value Sy 18) ==; therefore, : 5:: 2: CV; 


that is, BT: TC. AB: CV. Q. E. D. 


VI. 


Fig. In the Curve ABD, whoſe Equation (put- 


ting the abſciſs AC x, ordinate CB==y, 
and the baſe AD==a,) is ax—x* -: 
required the Radius of Curvature for any 


point, and a geometrical Conſtruction to 
illuſtrate and confirm the Work. 


The Fluxion of the given equation of 
the curve is ax—2xx==ay4+23y; which, 
making x==1, is 4 — 2x = aj + 23) ; 

| and 
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and the Fluxion of this equation again, the 
Fluxion of 5 being conſidered as negative, 
is — 2=—ay-þ2j*—2yy. Hence we have 
„ 2 —2 2 3. a —4ax4+4x* 
e a 
4 8 . —B8ax+8x* _ = (becauſe by 
4 Tay 
the equation of the curve, 8ay+8y* —=8ax 
— 8x*, or Bay + 8y* — Bax ＋ 8x* o,) 


1 Now, by ſubſtituting for y* and y 
4 2505 
theſe their values, in the general expreſſion 
for the Radius of Curvature, which was found 


in art. 74. to be = 


and = 


when „i and 
the Fluxion of y is — we ſhall have 


DET ET REED * 


3, 
— N 


3 == the Ra- 


25 
dius of Curvature required; which being a 


fixed or invariable quantity proves the curve 
to be an Arch of a Circle, 
CT 2 Now, 
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Now, if the Radius of a Circle be Ja ; 
then, 41s the ſide of it's inſcribed ſquare, or 
the chord of 90“. as is the right line AD: 
For, if the ſaid right line AP be biſected in 
F, and the perpendicular FE be drawn = 
AF = a; the point E will be the center of 
the circle; and conſequently, the radius will 


be AE (=EF*+FA*]*) f = . 
And, that x, in the given equation, muſt 
flow in the ſaid chord AD, may be thus de- 
monſtrated: Draw the right line BC per- 
pendicular to AD, and let it be produced 
until it meets the circle's periphery in G; 
and let HI be drawn equal and parallel to 
AD: then, it is evident, that, CK=AH 
—AD, by conſtruction; and KG CB, be- 
cauſe AC=Z=HK, and AB=HG ; therefore, 
CG=AD+CB: Bur, by 35 E. 3. ACXCD 
=BCxCG, that is, (putting AD ga, AC 
=x, and CB,) x x a—x== y x ay, or 
ax S . T herefore, &c. 


SCHOLIUM. 
From the Conſtruction here given, it ap- 


pears, that, the Queſtion may be diverſified 
ſo as to be adapted to any regular Polygon 
that can be inſcribed in a Circle. We ſee 


here 
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here alſo, a demonſtration of the juſtneſs of 
the fuxional Calculus as made uſe of above. 


VII. 

Suppoſe the Earth to revolve in a circular 
orbit round the Sun as it's center; and 
the Moon to revolve round the Earth in 
the ſame manner; as alſo, that the planes 
of their orbits do coincide; and that the 
diameters of the ſaid orbits are as 340 to 
1; and laſtly, that the Moon performs 
13.368 revolutions to every ſingle revo- 
lution of the Earth. Quære the Nature 
and Deſcription of the Curve generated 
by the Center of the Moon ; or, whether 
the Curve deſcribed by the Center of the 
Moon, in one Lunation, be any-where 
Convex. towards the Sun ? 


Let S repreſent the Sun; E, the Earth; Fig; 
E., an arch of the orbit of the Earth paſſed 85. 


over by it's center in one lunation of the 
Moon; the circumference of the circle EAF 
== the concentric arch Az: Then, (becauſe 
13. 368—1 812. 368= the number of luna- 
tions in a year or one revolution of the 


Earth, and therefore SA : EA:: 12.368 : 1, 
when the Moon is in conjunction with the 


dun, the diſtance between the Sun and Moon 
| will 


3 8 
— — 2 Ss 


= 
_ Pug” 2 
1 * 
m — 2 —— — — ä — — K ai. . —_— 
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will be greater than the diſtance or radius 
SA. Now, the Curve deſcribed by the cen- 
ter of the Moon 1s the ſame as that deſcrib- 
ed by a point M (EM being the ſemidiame- 
ter of the Moon's orbit,) carried round by 
the rotation of the circle EAF on the arch 
Az: It is therefore of the Cycloidal Kind, 
having a point of Inflection, if every Cycloid 
deſcribed by a point within the generating 
circle is inflected as well upon a circular as 
upon a feclilinear baſe (art. 65.) . To deter- 
mine Which, 

Put SA or SRS, EA or eR—6b, EM or 
em c, Rur, Rds; and let C be the 
Radius of Curvature at any point 2 which, 
it is evident, muſt paſs through the point of 
contact R. Suppoſe the point » indefinitely 
near to m: Then, Rr and Rr being the in- 
definitely ſmall contemporary arches with 
N, and conſequently the triangles Rur and 
Rur equal in all * ; if we conſider the 
fa little arches Rr and Rr as little right 


lines perpendicular to the radii er and Sr, 
Wis hall have the . R... +Rr= (becauſe 
the angles R and SR added to either fide 
of the equation make it two right angles,) 
£Rer-+ RST. Now, SR: R:: C Rer: 
Rö, and SR: SR-TRe; : £Rer : C Rer. 

4 RSr, 


DocrRINE of FLuxions. 199 

+ RSr, that is, 4: a-þ6 :: 4Rer: mR 

= Rer. Again, in any triangle, as dur, 
a 


if the angles mdr, mrd, and Rmr the com- 
plement of the obtuſe angle to two right 
angles, be indefinitely ſmall, they will be 
proportional to the oppoſite ſides nr, td, 
and dr *; that is, dr: md :: E Rmr: Entra; 
and ay. nd: dr :: 2. Rmr—2 urd: C Rur, that 
is, MR : dR :: Z Rad-: Z Rur, or, 1:1: 


44 Ret: 4 Rur=—2 Rer. And again, 4 RCz 
Z RAC : Rn : RC, thatis, mR . Rur: 
Z Rur :: Rm: RC, o. 22 C. Rer : 


0 7 F 1 . 1 27 — 
> Z Rer :: : RC . "I Conſe 
quent! IRC C 2 as 
quently, RRC T 
7 


, ** 


= A. b 


For, let the triangle be circumſcribed (as in 12 86.) by 
the circle m: then will the arches am and ## differ infinitely Tis: 
little from their chords dm and mr, which therefore may be Lg. 
taken as equal to them. And, ſince by 20 E. 3. the an ſe at 86. 
the center of a circle is double of the angle at the periphery, 
the arches or chords rm ànd md are the meaſures of double the 
angles mdr and mrd reſpectively; or, the angles mdr and mrd 
are to each other as their oppoſite ſides rm and md: and bes 
cauſe by 32 E. 1. the angle Rr is equal to the ſum of the 
angles mar and rd; therefore the meaſure of it is the ſum of 
the arches or chords n and md; which differing inflnitely 

—, little from the fide or chord rd, may be conſidered as equal to 

it. Ergo, &c. 
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eee 1 = the Radius of Curvature at 


5 
Paz ＋,235 


any point . 


Now, it is evident, that, at the point of 
Inflection, the Radius of Curvature muſt be 
Infinite; or, that, on one ſide of the ſaid 
point, the expreſſion for the radius of cur- 
vature muſt be affirmative, and on the other 
negative; therefore, 7 muſt be more than 
22 on one ſide of the ſaid point, and on 
the other leſs; and conſequently, af the point 


of Inflection, rang which, ſabſti- 


tuted for , makes (dux mR) r5—r* = 


e (becauſe dmxmR — fmxma 

2a4-2 

=) b*—c* ; from which equation we have 

r= LE = Or, to find r, ſay 
v 2405-4" 

2ar+2br==as, or RE. an 2br ; then, (an 


a 
== (fm x 


x mR ==) — —— 
ma ) b*—c*; which equation gives r7 
| = 
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= e, when the point m be- 
a426 
comes a point of Inflection. 
Now, as mR (r) muſt, by the nature of 


the circle, always be greater than ma ; that 


18, as V 26 muſt always be more 


than 5—4; and conſequently, N 


S 


— 
a+26 b 


5 : 3 
more than 6—<c|*, that is, 20 x b—c be 


more than - x 6—c;. therefore, c muſt 


always be more than _ thatis, EMmuſt 


be more than a third proportional to ES and 
EA in order to have a point of Inflection 
take place in the Curve: But, in the preſent 
caſe, ES, EA, and EM, being as 13.368, 1, 


and 136 or ,039; therefore, EM is / 
340 | 


than the ſaid third proportional ; and con- 
ſequently, the Curve Mmp, generated by the 
Center of the Moon, has not a point of In- 


flection, or, is no-where Convex towards the 
Sun, Q.E. I, ; 


Dd Corol- 


— — 
ERS, 

. — -.. 

uy hy 
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» 


— 
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Corollaries. 


1. When , that is, when the point n 
coincides with a, or à is the generating point; 
then, the Radius of Curvature will 2 = 


2 ſ-2br* __ a-þb 
 arÞ2br © a+? 26 * A2“ 

by analogy, a+2b:a::r: RC, that is, SF 
SA:: mR: RC. | 

2. When a is Infinite, and ,; that 
is, when the baſe becomes a right line, and 
the point m coincides with a, or the curve is 
the common Cycloid; the Radius of Curva- 
ture will be Sr. For then, 257 and 2br 
will be infinitely little in compariſon of 2ar* 
and ar, and therefore may be rejected. 


3. When a is Infinite, that is, when the 


2 baſe degenerates into a right line, or the 


curve is the protracted or interior Cycloid, 
as in fig. 87. the Radius of Curvature will 


become — n * and therefore, 
| 221 — 85 27— 5 
at the point of Inflection, where the radius 
of curvature is infinite, 2r==s, that is, Rm— 
md; and conſequently the right line Rd is per- 
pendicular to the radius ea, and the point 4 
is in the baſe NM. Whence, to find the 
point of Inflection, we e have the following 


Con- 
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Conſtruction, viz. Make PR—ag, or AR 
Pg; draw Re equal and parallel to the ra- 
dius PO; make ra: Ng; draw the right line 
ea; and, laſtly, make em ON: Then will 
m be the point of Inflection in the interior 
Semicycloid M. 


VIII. 

The Fluxion of the Hyperbolic Logarithm 

of any quantity, 1s equal to the Fluxion 

of that quantity, divided by the quantity 

itſelf. 2yere the Demonſtration ? (See 
art. 21.) 


Let YAI be an Hyperbola, whoſe aſymp- Eig. 
totes are the perpendicular right lines EZ 88. 
and ET, and whoſe parameter is AP = EP 
==1; draw any ardinate CB parallel to PA: 
then, (as Writers on Conics demonſtrate, ) 
the Space PABC will be the Hyperbolic Lo- 
garithm of the line EC; and therefore, the 
Fluxion of the ſpace PABC will be equal to 
the Fluxion of the Hyperbolic Logarithm 
of the line EC. Now, the Fluxion of this 
ſpace, putting EC & and CB==y, is (by 
art. 124.) =yx; and, by the known proper- 
ty of the curve, EC: EP:: PA: CB, that 


bo I . x N 
ie, x: 1 :: 1: n: therefore yx==; that 1 
* * 
Dd 2 18, in” 


— — 8 
"> . * — 4 — Is I 
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is, the Fluxion of the ſpace PABC, or, of 
the Hyperbolic Logarithm of the line EC, is 
equal to the Flux1on of the ſaid line, divid- 
ed by the line 1tſelf. QE. D. 


N. B. By a Space or Line, is meant it s Numerical 
Meaſure. 


IX. 
The Hyperbolic Logarithm of 1 being o, 
what is the Hyperbolic Logarithm of 10? 
{See art. 21.) 


Let EZ and ET be the aſymptotes of the „ 


89. rectangular Hyperbola YAI, whoſe parame- 


ter is AP=PE==1. Then, the area of the 


ſpace PABC will be the Hyperbolic Loga- 


rithm of — that is, of EC; the area of 


the ſpace PAbc will be the Hyperbolic Loga- 


rithm of — that is, of — ; and, the area 
TION p 


= 
of the ſpace chBC will be the Hyperbolic 


Logatithm of E ; the right lines or ordi- 


nates CB and ch being ſuppoſed paral- . 
le! to the aſymptote EZ. Now, to find 
theſe areas, 


19. Put Pc=x, and ch y; then, by the 


known property of the curve, J=—; 5 


which, 
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18 (art. 124.) drawn into x, is yX= 


7 the 1 of Pb (by throwing 
* 


— into a Series, art. 102.) x+xx+x*x 
] — 
+ xix +x*x N x +x*x +3" x+x*xb-x%x 
b+x**x+x* *x+@&c. therefore the Fluent of 
this ſeries, viz. x+ix*+ix* +ixt+ix5 + 
„ +137 þaxt +129 T dre I. go 
r *+ Oc. is Ps. 

29. Put PCS x, and CB==y; then, y= 
mo and (art. 124.) yi the Flu- 
xion of PB= (by throwing 5 into a Se- 


ries, art. 103.) X—xx+x*Xx—x*x+x*x— 

x*x+x*X—x" xp rix—xIxX+x' - x + 

Sc. therefore the Fluent of this ſeries, viz. 

1 + int Lat T -i ir. 

Ter- Tas fer G. is = 

PB. | f 
Hence, 


If Pe PC, the area chBC, viz. the ſum 
of Pb and PB, will be =2x : x+ix* N 
+ 3x7 N TH c. And PL— PB 
will be r TAX Tr X AK TSK 2.4 
Se. That is, if Ec==.9, and cP=PC=.1; 
| then, 
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then, by ſubſtituting .1 for x, we ſhall have 
eB . 2006706954 Sc. and Ph PB — 
01005033 58 Se. half of which added to 
half cB is. 1053605156 Cc. =Pb= the Hyp. 


Log, of > And, if Ec==.8, and PPC 
&=. 2; then, by writing. 2 for x, we have cB 
40 5465 108 1 Cc. the Hyp. Log. of _ ; 
and Pþ—PB=—=.0408219945 &c. half of 
which ſubtracted from half cB is. 1823215567 


&c. =PB= the Hyp. Log. of — or 1.23 
and this ſubtracted fromch leaves. 2231435 51 3 
Sc. Pb the Hyp. Log. of * Therefore, 


8 
by the Nature of Logarithms, the Hyp. Log. 


of * * 2, viz. of 2, is. 1053605 156 
Sc. + 4054651081 Ce. T. 1823215567 
Sc. S. 6931471805 Sc. and, the Hyp. Log, 
of 23, viz. of 8, is = 3x. 6931471805 Ce. 
==2.0794415416 Sc. and, the Hyp. Log. of 


81 viz. of 10, is = 2.07944 15416 Ce. 


| +223143$$13 Sc. = 2.3025850929 &c. 
Q. E. I. | 


X. 
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X. 


Let the given right line CA turn uniformly Fig. 
round the point C as a center; and, let a 90. 
point be ſuppoſed to paſs with an uniform 
motion, from A, along the right line AF, 
equal and perpendicular to the ſaid line 
CA, and ſuch velocity, as to arrive at F 
at the ſame time that the ſaid lines come 
to be in their firit ſituation : then, by 
this point, will the Spiral APBF be de- 


ſcribed. 2yere the Area of any Space 
ARaBPA ? * 


Put CA—AF—94, the circumference of 
the circle ARaA—b, aB, arch DB (de- 
ſcribed with the ordinate or radius CB,) —=x, 
CB==y, arch ARa—sz, Bux, and ga=2". 
Now, (ſuppoſing Bu, the Increment of the 
arch DB, to be a little right line perpendi- 
cular to the radius CB,) if we draw aG per- 
pendicular to CB, the Moment or Incre- 
ment of the ſpace ARaBD, viz. 4Bnaa, will, 
by 41 E. 1. be : GB BN (becauſe by 8 
and 4 E. 6. CB: Ba:: aB: BG, or, y: v:: 
v: BG= 7 hd therefore, art. 7. the 

Fluxion 


"I „ 


* This Curve was invented une 1756. 
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Fluxion of the ſaid ſpace, which is = the 
Fluxion of the ſpace in queſtion, is = LE, 
=” 
But, it is plain from the generation of the 


Curve, yy 42: b ½ : 2 — and (Ca) a: 


y : S K End x ow, hrs, which ſubſti- 


i & &* 
tuted for x makes the above Fluxion of the 


ſpace in queſtion ="; ; the Fluent of 


which is — — the Area of the Space re- 
a* 


quired: And therefore, by writing 2 for v, 
we ſhall have the Area of the whole ſpiral 
Space ARAFBPA=—3; ab; the Area of the 
Circle CARa A. Q. E. I. 


Or, By 47 E. v. — —a"\*; the Fluxion 
of which equation is v — -; therefore 
8 1 which ſubſtituted 

W 
for x, makes 3 yxviz. the Fluxion of the Area 
art. 124. (for CB; and Ca; deſcribe equal Spaces,) 
= : 1 


y a": ba" © 7 — 29 A* 5 


20 


N 
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he 2, the Fluent of which expreſ- 


b e 


the Area of the Space ACaBPA. So that, 
by writing 24* for y*, we have the Area of 
the Space AFBPA—?*ab; from which if we 
take zab (the Area of the Circle AK A,) there 
will remain zal = the Area of the whole ſpi- 
ral Space; as before. 


Corollary. 
xy (art. 38.) is = 2 x 2 m=4 
9 


| + aA ef 
by* . 
= the Subtangent CT. 
a ð y*—a* 3 


Construction. Through the center C draw 


the indefinite right line AT perpendicular to 


the ordinate CB; deſcribe through the points 
A and B a ſemicircle ABH ; make CI = the 
circumference of the circle ARA, and CK 


Saz; draw right lines HK and IL, and pa- 


rallel to IL draw M; laſtly, produce CB to 
N, making CN — CM, and draw a right 
line NT parallel to KH: then will T be the 

128 from which a Tangent to the point B 

Ee muſt 
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muſt be drawn. For, (AC) a: y: : y 2 : 


— 
a. 


CH, and (LC) 2: (CI) 5 :: (BC) y: M 


Fig. 
91. 


2=CN ; and (KC) v:(CH)  :: (NC) 2 
Cr. 


a*V 


XI. 
2Quere the Content of the cylindrical Ring 
ABDR ?—the radius EA of the inner cir- 
cumference being given S4; and AD, 
the diameter of the ring, or of the gene- 
rating circle, S. 5 


Put any arch LA x, and. 78 539 &c.==c: 
fuppoſe Ed indefinitely near to ED; and de- 
ſcribe the concentric pricked circle BR, mak- 
ing AB=BD=—=45. Then, the Moment of 
the ring, viz. Ad, will be equal to the area 
of the generating circle AD drawn into the 
Increment B5. Now, EA : Aa :: EB : Bb, 


[4 
that is, a: :: s:: * ＋ Bb; and 
| a 


the area of the circle AD bc: therefore, 


the Moment of the ring is X _ 
2a 


Shed bicx! Bf : Ro: 
cx . or it's Fluxion (art, 7.) =b*cx 


— 
% 
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-» 


SN .: bcx 
; the Fluent of which is 6*cx+ — * 
+ ra which is Sc oy 


=1+Dxb'cx= the Content of the Ring 


from L to A; and therefore, by ſubſtituting 
8ac for x, we have the Content of the whole 


Ring =1+©x80b"c*=0"cxx20FÞ * 40 = 


the area of the generating circle AD drawn 
into the circumference of the pricked circle 


BR. Q. E. I. 


1 © 
1 ? 
'1 
= 
* 
i 
U 
= 
|S 
= 
== 
| i 
= ; 1 
F * 
[1 
WY Rs 
38; 
: oY y 
4% i 
i | 
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XII. 


If a heavy Sphere, whoſe diameter is 4 in- 
ches, be let fall into a conical Glaſs th 
full of Water, whoſe diameter is 5 inches 
and altitude 6; how much of the Sphere 
will be immerſed in the Water? | 


Put the altitude VH == Gg; radius HF Fig. 
=2.5=b; 3.14159 &c. (art. 122.) Se; 92. 
AD, the diameter of the ſphere, Ad; 
and AC, that part of the ſaid diameter un- 
der the water, x; then, CD==d—x, Now, 
the capacity of the glaſs is abc; and 
therefore, by the queſtion, the quantity of 
water in it is abc. By 35 E. 3. ACx 
CDSCB=, that is, dx—x*= the ſquare of 

Ee 2 | the 
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the radius of the ſection of the ſphere; there- 
fore the area of the ſaid ſection is =cdx— 
cx; which drawn into. x is cdxx—cx* & 
the Fluxion of the ſegment of the ſphere 
under the water; the Fluent ' of which is 
Lcd c the content of the ſaid ſeg- 
ment. Hence (ſimilar ſolids being as the 
cubes of their homologous ſides,) abe: 43 


1 | * — 2 
5: N ab Aααι, c 34 + — 


a*x3 


. But, . 
3 GE: EV, that is, : Va :: 
id: LY FF EV VA (=VE—AE) 


_ +b*— 1 2, which pute; then 


Se, and VC =e3+3e*x+3ex*+x3 
= 1 by the above VC? 15=) 34 ＋ 


: = — Now, this equation produ- 


ces 10a*+106*,x3 ＋ 300b*e—15a*d x* + 
z06*e*x=20%6*—106*e3, that is, 422.5%7 
—1560x*1920x—=052; which equation | 
divided by 422.5 is x*—3.692x*+4.544x= 
1.543 whence x may be found S. 546 

AC 
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AC— that Part of the Diameter of the 
Sphere under the Water. Q. E. I. 


SCHOLIU M. 


WE might now proceed to the inveſtiga- 
tion of the Centers of gravity, percuſſion, 
and oſcillation, and a great variety of other 
Problems in the various branches of Mathe- 
matical and Philoſophical Science: but, this 
Tract being intended as an Introduction only, 
for theſe Things we muſt. refer the Learner 
to the larger and more extenſive Books on 
the Subject *; in which, though he may 
meet with many Difficulties, it is hoped they 
are not ſuch but.he will now be able to ſur- 
mount. 


The Books, in Engliſh, profeſſedly on the 
| Subject, are, 


1. A Treatiſe of Fluxions : or, an Intro- 
duction to Mathematical Philoſophy. Con- 
taining a full explication of that Method by 
** the moſt celebrated Geometers of the 


pre- 


— ů — 


— 


* The Author EI refers to the Works of his two 
celebrated F 8 Mr. Emerſon and the late Mr. Simpſon, 
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preſent Age have made ſuch va Advances 
in Mechanical Philoſophy, By CARL ES 
HavzEs, Gent. Folio. 315 Pages. Cuts. 


1704. 


2. An Inſtitution of Fluxions: Contain- 
ing the firſt Principles, the Operations, with 
ſome of the Uſes and Applications of that 
admirable Method. By Humenzy DITTON. 
Octavo. 240 Pages. Cuts. 1706. 


N. B. A Second Edition was printed in the 
Year 1726. 


3. The Method of Fluxions, both Direct 
and Inverſe. The former being a Tranſla- 
tion from the celebrated Marquis De L'Heſ- 
pital's Analyſe des Infinements Petits; and 
the latter ſupply'd by the Tranſlator, E. 
STONE, F. R. 8. Octavo. 450 Pages, 
Plates. 1730. 


4. The Doctrine of Fluxions, founded on 
Sir Iſaac Newton's Method, publiſhed by 
himſelf in his Tracts upon the Quadrature 
of Curves. By Jamzs Hopcson, F. R. 8. 
and Maſter of the Royal Mathematical 
School in Chriſt's Hoſpital, ——Quarto. 452 
Pages. Cuts. 1736. 


N. B. The Title-Page was reprinted in 1756; 
and, again, in 1738. 
5. The 
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5. The Method of Fluxions and Infinite 
Series; with its Application to the Geome- 
try of Curve-Lines. By the Inventor Sir 
Jaac Newton, Kt. late Preſident of the 
Royal Society. Tranſlated from the Au- 
thor's Latin Original, not yet made public. 
To which is ſubjoined, a Perpetual Com- 
ment upon the whole Work. By Jonx 


CoLsoN, M.A. and F. R. S,——Quarto. 339 
Pages. Cuts. 1736. 


N. B. The ſame Piece was tranſlated by ano- 
ther Hand; and publiſhed, without a Comment, 
in the Lear 1737. Octavo. 189 Pages. Cuts. 


* The Original was written in the Year 1671; 
but founded on a ſmaller manuſcript Tract com- 
poſed in November 1666; in which the great In- 
ventor uſed the ſame Method of noting the Flu- 
xions of variable Quantities as that which he after- 
wards generally followed, that is, Pointing. 


6. A Mathematical Treatiſe : Containing 

a Syſtem of Conic-SeCtions ; with the Doc- 
trine of Fluxions and Fluents, apphed to 
various Subjects; viz. To the finding the 
Maximums and Minimums of Quantities; 
Radii of Evolution, Refraction, Reflection; 
ſuperficial and ſolid Contents of curvilinear 
Figures; Rectification of Curve- lines; Cen- 
ters 
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ters of Gravity, Oſcillation and Percuſ- 
ſion: as alſo, to the Reſolution of a ſelect 
Collection of the moſt uſeful, and many 
new, Phyſico-Mathematical Problems. By 
Joux MULLER. Quarto. 227 Pages. 
Plates. 1736. 


7. The Doctrine and Application of Flu- 
xions. Containing (beſides what is com- 
mon on the Subject) a number of new Im- 
provements in the Theory; and the Solution 
of a variety of new and very intereſting Pro- 
blems 1n different Branches of the Mathe- 
matics. By Tryomas SIMSON, F. R. 8.— 
2 Volumes, Octavo. 576 Pages. Cuts. 1750. 


* * This Work is, perhaps, not inferior to any 
on the Subject. 


N. B. He publiſhed a Treatiſe of Fluxions in the 
Year 1737. Quarto. 216 Pages. Cuts. 


+4+ This great and penetrating Genius was 


born Auguſt the 20th, 1710, and died May the 


14th, 1761. 


8. A Treatiſe of Fluxions. By Col Ix 
Mac LAuxIN, A. M. Profeſſor of Mathe- 
matics in the Univerſity of Edinburgh, and 
F. R. 8. 2 Volumes, Quarto. 754 Pages. 
Plates. 1742. 


* *. 
In 
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% In this maſterly Work, the Subject is hand- 
ſed agreeable to the Method of reaſoning uſed by 
the ancient Mathematicians. 


+1+ This celebrated Writer was born in Febru- 
ory 1698, and died June the 14th, 1746. 


9. The Doctrine of Fluxions : not only 
explaining the Elements thereof, but alſo its 
Application and Uſe in the ſeveral Parts of 
Mathematics and Natural Philoſophy. By 
W. EMtrson. The Second Edition, cor- 
rected and greatly enlarged, —Octavo. 4 32 
ery Plates. 1757. 


N. B. The Firſt Edition of this elegant and ex- 
cellent Work was printed in the Year 1743. 
Octavo. 300 Pages. Plates. 


10. Sir Tſagc Newton's two Treatiſes, of 
the Quadrature of Curves and Analyſis by 
Equations of an infinite number of Terms, 
explained. Containing the Treatiſes them- 
ſelves, tranſlated into Engliſh, with a large 
Commentary, By JonN STEWART, A. M. 
Profeſſor of Mathematics in the Mariſhal 
College and Univerſity of Aberdeen. 


Quarto. 479 Pages. Cuts. 1745. 


+14 The Analylis by Equations was firſt writ- 
ten before the Year 1669; and the Quadrature 
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of Curves before the Lear 1676: But, the laſt 
Scholium in the Quadratures was added but juſt 
before the Tract was publiſhed, which was by the 
great Author himſelf in the Year 1704. The | 
. Analyſis was firſt printed in 1711. | 


11. The Method of Fluxions applied to 
a ſelect number of uſeful Problems. By 
N1icnoLAs SaunDERsSON, L. L. D. Late Pro- 
feſſor of Mathematics in the Univerſity of 
Cambrid 8 309 Pages. Plates. 
1756. 


12. A Treatiſe of Fluxions. . By 3 


Lyons, Junior. —Octavo. 269 Pages. 
Plates. 1758. f 
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